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Abstract

We study the power-law asymptotics of learning curves for Gaussian process
regression (GPR). When the eigenspectrum of the prior decays with rate o and

the eigenexpansion coefficients of the target function decay with rate /3, we show
1—28

that the Bayesian generalization error behaves as @(nmax{%_lv a }) with high
probability over the draw of n input samples. Infinitely wide neural networks can
be related to GPR with respect to the Neural Network Gaussian Process kernel,
which in several cases is known to have a power-law spectrum. Hence our methods
can be applied to study the generalization error of infinitely wide neural networks.
We present toy experiments demonstrating the theory.

1 Introduction

Gaussian processes (GPs) provide a flexible and interpretable framework for learning and adaptive
inference, and are widely used for constructing prior distributions in non-parametric Bayesian learning.
[48]. From an application perspective, one crucial question is how fast do GPs learn, i.e., how much
training data is needed to achieve a certain level of generalization performance. Theoretically, this
is addressed by analyzing so-called “learning curves”, which describe the generalization error as a
function of the training set size n. In this paper, we study the learning curves for Gaussian process
regression (GPR). Our main result characterizes the asymptotics of the learning curve of GPR under
the assumption that the eigenvalues of the GP kernel and the coefficients in the expansion of the
target function over corresponding eigenvectors follow a power law.

There is a well known correspondence between kernel methods and infinite neural networks (NNs)
[27, 47,22, 14, 29, 15, 50]. This enables exact Bayesian inference in the associated GP model for
infinite-width NN on regression tasks and has led to recent breakthroughs in our understanding of
overparameterized NNs [19, 23, 3, 6, 13, 51, 7]. The most prominent kernels associated with infinite-
width NN are the Neural Network Gaussian Process (NNGP) kernel [22, 14] and the Neural Tangent
Kernel (NTK) [19], which in several cases are known to have a power-law spectrum [7, 33, 42].

Contributions. We show that when the eigenspectrum of the prior decays with rate o and the
eigenexpansion coefficients of the target function decay with rate 3, the negative log-marginal

likelihood behaves as @(nma"{é’%*l}) (Theorem 4) and the generalization error behaves as
1—28

@(nmax{%_l’ a }) (Theorem 5) with high probability over the draw of n input samples. In the
special case that the model is correctly specified, i.e., the GP prior is the true one from which the
target functions are actually generated, we recover a result due to [37] (vide Remark 6). We present
a few toy experiments demonstrating the theory for GPR with the arc-cosine kernel, which is the
conjugate kernel of an infinitely wide shallow ReLU network with two inputs and no biases in the
hidden layer [11]. For a discussion of related work, see Appendix A.
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2 Asymptotic analysis of generalization error of GPR with power-law priors

In GP regression, our goal is to learn a target function f: 2 — R between an input z €
and output y € R based on training samples D,, = {(z;,y;)}/~,. We consider an addi-

tive noise model y; = f(z;) + €;, where ¢; N (0,02.,.)- If p denotes the marginal den-
sity of the inputs z;, then the pairs (z;, yz) are generated according to the density ¢(z,y) =
p(z)q(y|z), where q(y|lz) = N(y|f(z),02,.). We assume that there is a prior distribution
Il on f which is defined as a zero-mean GP with covariance function k& : 2 x Q2 — R, i.e.,
f ~ GP(0,k). By Bayes’ rule, the posterlor distribution of f given the training data is given by

(f|D ) = Z(D Hl (N (il f (1), 02 ge) Ao (f), where dI1o(f) is the prior distribution and
Z(Dy) = [TIi N( y1|f(:rl), model)ng(f) is the marginal likelihood. The form of the GPR
posterlor mean and covariance is given in Appendix B.

The Bayesian generalization error is defined as the Kullback-Leibler divergence between the true
density ¢(y|z) and the Bayesian predictive density p, (y|z, Dy,) = [ p(y|f(z))dIL,(f|Dy),

Ny _allr)
G(D) = [ afe.y)tox —TUE oy m

A related quantity of interest is the stochastic complexity (SC), also known as the free energy, which
is just the negative log-marginal likelihood. We shall primarily be concerned with the normalized SC:

Z(D, i i dIT
FO(Dn) IOg ( ) _ sz 1N Yi ‘f(x ) model) O(f) ) (2)
[T a(yiles) [Timy a(yilz:)
The generalization error (1) and the normalized SC relate as follows [45, Theorem 1.2]:
G(Dn) = E(93n+17yn+1)F0(Dn+1) - FO(DN)’ 3

where D, 11 = D, U{(Zn+1,Yn+1)]} is the dataset obtained by augmenting D,, with a test point
(Tni1,Yns1). Our goal is to derive the asymptotics of the expected normalized SC, E. F°(D,,), and
the expected generalization error, EcG(D,,), where € = (€1, ..., €,)7 is the noise vector.

By Mercer’s theorem, the covariance function of the GP prior can be decomposed as k(x1,x2) =
Z;O 1 pgﬁp(xl)d)p(xg) where (¢p())p>1 are the eigenfunctions of Ly : L3(Q, p) — L?(%, p);

(L f) (= fQ (s)dp(s) and (A,),>1 are positive eigenvalues, Ay > Ao > --- > 0 [48].
The target f(z)is decomposed into the orthonormal (¢, (z)),>1 and its orthogonal complement as

Zw% ) + pogo(z) € L3S, p), )

where 11 = (U0, fi1,-- -, lp, - ..) L are the coefficients of the decomposition, and ¢g(x) satisfies

lpo(z)|l2 = 1 and ¢o(x) € {pp(z) : p > 1}+. We shall make the following assumptions:

Assumption 1 (Power law decay of eigenvalues). The eigenvalues (\p)p>1 follow the power law
O™ <A\ <Cap™?, (5)

where C, C, and o are three positive constants which satisfy 0 < Cy < Cy and o > 1.

This assumption is adopted in many recent works [4, 10, 21, 28]. [42] derived the exact value of
when the kernel has a homogeneous singularity on its diagonal, e.g., the arc-cosine kernel.

Assumption 2 (Power law decay of coefficients of decomposition). Ler Cy,,C), > 0and f > 1 /2 be

positive constants and let {p; };>1 be an increasing integer sequence such that SUp;>1 (Pit1 — pi) <
oo. The coefficients (1) p>1 of the decomposition (4) of the target function follow the power law

lp| < Cup™, ¥p > 1 and |py,| > Cupi™®, Vi > 1. (6)

When (¢,(z)), is the Fourier or the spherical harmonics basis and f(x) satisfies certain smoothness
conditions, (4,), decay at least as a power law [7]. [42] gave examples satisfying Assumption 2.



Assumption 3 (Boundedness of eigenfunctions). The eigenfunctions (¢p())p>0 satisfy
[¢olloc < Cy and ||gpllec < Cop™, p 21, (7

where Cy and T are two positive constants which satisfy T < QT_l

Next we state our main results and give the proofs in Appendix D.

Theorem 4 (Asymptotics of the normalized SC). In the case that o > 0 and 02, .| = Owe =

02 = O(1), under Assumptions 1, 2 and 3, with probability of at least 1 — n~% over sample inputs

(x;),, where 0 < ¢ < min{ (25_1)iz;1_27), a=1=271 the expected normalized SC (13) has the

asymptotic behavior:

E.F°(D,) = [1log det([ + ZA) - AT — T+ 2A) ) + Zp” (I + ZA) 'u](1+o(1))

e (nmax{ E ,

+”>- ®)

In the case that py > 0, with probability of at least 1 — n~% over sample inputs (x;)I_, where
. (28-1 s ra—1-27 2B-—1
0 < ¢ < min{ '82 , -mln{%, i2
behavior: E.F°(D,,) = 55 p¢n + o(n).
Theorem 5 (Asymptotics of the Bayesian generalization error). Let Assumptions 1,2, and 3 hold In
the case that iy = 0 and o> 2 2

= Otrue — 0~ = @(nt)

model — 1+2

of at least 1 —n~7 over sample inputs (x;)?_, where 0 < ¢ < [o (1+27)4(1 D)(26= 1) , the expectation
of the Bayesian generalization error (1) w.r.t. the noise € has the asymptotic behawor

EcG(Dn) = 5282 (Te( + Z4) A = [AVAT + M) E+11(+ 20 i)
_ #@(nmax{(17<x2¥<17t)7(172/3(2(17t) }). (9)

In the case that o > 0 and under the same conditions, the expectation of the Bayesian generalization
error (1) w.r1. the noise € has the asymptotic behavior: EcG(Dy,) = 525 p3 + o(1).

When 19 = 0, the target f lies in the span of eigenfunctions with positive eigenvalues. When p9 > 0,
the generalization error remains constant when n — oo and GPR is not able to learn f. Intuitively, in
(9) the exponents (1_0‘251_” resp. (1-25 (3(1_” capture the rates at which the model suppresses the

noise resp. learns the target function. So, larger the value of (3, the easier we learn the target.
Remark 6. For f ~ GP(0, k), using the Karhunen-Loéve expansion, f(x p o Apwpdp(x
where w, e~ N(0,1). Comparing with (4), we find that j1, = \/Apwp ~ p Q/Qforp > 1, and hence

B = /2, and E.G(D,) = O(na~1). This matches the rate obtained by [37] for the expectation of
the excess mean square error w.r.t. the distribution of the target when the model is correctly specified.

3 Experiments

We illustrate our theory on a few toy experiments. Let the input = be uniformly distributed on a unit
circle, i.e., @ = S* and p = U(S'), and write 7 = (cos @, sin ) where 6 € [—m, 7). We use the first
order arc-cosine kernel function k(z1, z2) = L (¢ + (7 — ) cos¥)), where ¢ = (z1, x) is the angle
between x;1 and x2. Then Assumption 1 is satisfied with o = 4. We consider the target functions
in Table 1, which satisfy Assumption 2 with the indicated S and p. For each target we conduct
GPR 20 times and report the mean and standard deviation of the normalized SC and the Bayesian
generalization error in Figure 1, which agree with the asymptotics predicted in Theorems 4 and 5. In
Appendix F, we show more details on the experiments and more experiments confirming our theory
for zero- and second- order arc-cosine kernels, with and without biases.

4 Conclusion

We described the learning curves for GPR for the case that the kernel and target function follow a
power law. This setting is frequently encountered in kernel learning and relates to recent advances on
neural networks. Our approach is based on a tight analysis of the concentration of the inner product



function value B8 wo | EcF°(D,) | E.G(D,,)
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Table 1: Target functions used in the experiments for the first order arc-cosine kernel without bias
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Figure 1: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with the kernel

ksvl/)o bias and the target functions in Table 1. The orange curves show the linear regression fit for the

experimental values (in blue) of the log Bayesian generalization error as a function of log n.

of empirical eigenfunctions ®7 ® around nI. We showed that when 3 > «//2, meaning the target
function has a compact representation in terms of the eigenfunctions of the kernel, the learning rate
is as good as in the correctly specified case. In addition, our result allows us to interpret /3 from a
spectral bias perspective. When % < B < §, the larger the value of 3, the faster the decay of the
generalization error. This implies that low-frequency functions are learned faster in terms of the
number of training data points. In future work, it would be interesting to estimate « and /3 for the
NNGP kernel and the NTK of deep fully-connected or convolutional NNs and real data distributions
and test our theory in these cases. Similarly, it would be interesting to consider extensions to finite
width kernels.
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Appendix

A Related work

Learning curves A large-scale empirical characterization of the generalization performance of
state-of-the-art deep NNs showed that the associated learning curves often follow a power law of
the form n~? with the exponent 3 ranging between 0.07 and 0.35 depending on the data and the
algorithm [18, 38]. Power-law asymptotics of learning curves have been theoretically studied in early
works for the Gibbs learning algorithm [1, 2, 16] that showed a generalization error scaling with
exponent 5 = 0.5, 1 or 2 under certain assumptions. More recent results from statistical learning
theory characterize the shape of learning curves depending on the properties of the hypothesis class
[9]. In the context of GPs, approximations and bounds on learning curves have been investigated in
several works [35, 37, 36, 31, 30, 49, 26, 25, 34, 41, 20], with recent extensions to kernel regression
from a spectral bias perspective [8, 10]. For a review on learning curves in relation to its shape,
monotonicity and some open problems, see the works [24, 44, 43].



Power-law decay of the kernel eigenspectrum The rate of decay of the eigenvalues of the GP
kernel conveys important information about its smoothness. Intuitively, if a process is “rough” with
more power at high frequencies, then the eigenspectrum decays more slowly. On the other hand,
kernels that define smooth processes have a fast-decaying eigenspectrum [39, 48]. The precise
eigenvalues (\,),>1 of the operators associated to many kernels and input distributions are not
known explicitly, except for a few special cases [48]. Often, however, the asymptotic properties
are known. An early work [46] gave the asymptotic rate of decay of the eigenvalues of stationary
kernels for input distributions with bounded support under certain regularity assumptions on the
spectral density of the covariance function. For inputs distributed uniformly on the unit interval, [32]
showed that r-times mean square differentiable processes feature an asymptotic power-law decay
of the form A, p~(27+2) More recently, [33] showed that for inputs distributed uniformly on a
hypersphere, the eigenfunctions of the arc-cosine kernel are spherical harmonics and the eigenvalues
follow a power-law decay. The spectral properties of the NTK are integral to the analysis of training
convergence and generalization of NNs, and several recent works empirically justify and rely on
a power law assumption for the NTK spectrum [4, 10, 21, 28]. [42] showed that the power-law
asymptotics of the infinite network NTK are determined primarily by the singularities of the kernel
and has the form A\, o< p™" withv =1 + é, where d is the input dimension.

Related works The closest approach to the work in this paper is probably the one presented in the
works [35, 37, 36], where average-case learning curves for GPR are derived under the assumption
that the model is correctly specified, with recent extensions to kernel regression focusing on noiseless
data sets [8, 38] and Gaussian design analysis [12]. A related but complementary line of work
studies the convergence rates and posterior consistency properties of Bayesian non-parametric models
[5, 34, 41].

B Posterior mean and covariance of GPR

We assume that there is a prior distribution Iy on the target function f which is defined as a zero-mean
GP with covariance function k : Q x Q — R, i.e., f ~ GP(0, k). This means that for any finite
set x = (x1,...,2,)T, the random vector f(x) = (f(z1),..., f(x,))T follows the multivariate
normal distribution \(0, K,) with covariance matrix K, = (k(z;, ;) =, € R"*".

We assume that the variance of Gaussian noise in GPR is 02 ;. In practice, we do not know the
exact value of o, and so our choice of o046 can be different from o,y0. The GP prior, and the
Gaussian noise assumption allows for exact Bayesian inference and the posterior distribution over

functions is again a GP with mean and covariance function given by

m(x) = Kox(Kn + 0hoqeln) "'y, € Q (10)
E(x,2') = k(z,2') — Kox(Kn 4+ 02 oq01In)  Kxar, ,2 € Q, (11)

where K,x = KT = (k(z1,2),...,k(zn,2))" andy = (y1,...,yn)" € R" [48].

The distance of the posterior to the ground truth can be measured in various ways. Two such measures
are the Bayesian generalization error [34, 17, 31] and the excess mean square error [37, 20, 8, 12]. In
this work we focus primarily on the Bayesian generalization error defined in (1).

C The normalized stochastic complexity for GPR

2

Proposition 7 (Normalized stochastic complexity for GPR). Assume that 02, .| = 02w = 0. The

normalized SC F°(D,,) (2) for GPR with prior GP(0, k) is given as

1 1 _ 1
FO(D,) = 3 logdet(T+ 54) + ooy (T + 53) 7y = oy = 700) "y — fx)), - (12)
where € = (e1,...,¢e,)T. The expectation of the normalized SC w.rt. the noise € is given as
1 1 - 1 _
EcF(Dy) = 5 logdet (I + 53) = STr(1— (1+ %) 7") + 5o 00T (1 + %) F ().

13)



This is a basic result and has applications in relation to model selection in GPR [48]. For completeness,
we include a proof. [34, Theorem 1] gave an upper bound on the normalized stochastic complexity
for the case when f lies in the reproducing kernel Hilbert space (RKHS) of the GP prior. It is well
known, however, that sample paths of GP almost surely fall outside the corresponding RKHS [41]
limiting the applicability of the result.

Proof of Proposition 7. For brevity, we write F for F°(D,,). Lety = (1, ...,%n)" be the outputs
of the GP regression model on training inputs x. Under the GP prior, the prior distribution of y is
N (0, K,,). Then the evidence of the model is given as follows:

n

1 @i —yy)? 1 1T pr—1c
Zn = T T 252 -3y K, Ydy
. (H 2 )(277)”/2 det (K /2 Y

1
(2m)mom det(K,)1/2
Letting K, ' = K;' + LT and p = 5 K, y, we have

1 1(s T o—1,g 1 JToyal,Ti—1
— sy K, (-m)—g 2y y+au Ky pgs
Zn = Gryron det (K12 Jan & ’ i dy

1

- om)"/2 det (K, )1/ —sLy y+in K
(27.[_)710,71 det(Kn)l/Q( 71') € ( ) e 2 (15)

_ det(K,)'/? R A e e
N (2m)"/20m det (K, )1/2 '
The normalized evidence is

0 Zn

(14)

15T -1 1 < 1 5T 1 ya
/ e 2y Ky 45Dy + 53 y—5,3y Ydy.

" @2m)n/2g—ne”mr =TT =)

] (16)
_ det(Bn)Y2 Ty T R e (- £60) T (- 0)

~ det(K,)1/2
So the normalized stochastic complexity is
FY =—log Zy
= 5 logdet(K)"/2 + 7 logdet(K,)" + oy "y — 2uT K= ooy — FG)T(y — £())
2 2 202 2 " 202
1 11 1 5 1 7 1
=-3 logdet(K, " + ?I) + 3 log det(K,) + 252y Y~ goaY (K, "+ ;I) y
1
- @(y — ) (y - f(%)
1 K, 1 7 K. 4 1 T
= ilogdet(l—i— ?) + 2527 I+ ﬁ) y - @(y - f(x)" (y = f(x)).
1 n 1 T K, 1 7 K, _ 1 7
1 T Kn -1
a7
After taking the expectation over noises €, we get
1 K, 1 K, 1 K
0 __ n T ny—1 ny—1
This concludes the proof. O

D Proof of the main results

For given sample inputs x, let ¢, (x) = (¢p(21), - -, ¢p(xn))T, @ = (¢0(X), 1(X), ..., Pp(x),..".)
and A = diag{0, A1,..., \,,...}. Then the covariance matrix K, can be written as K, = ®PAPT,
and the function values on the sample inputs can be written as f(x) = ®pu.



D.1 Proofs related to the asymptotics of the normalized stochastic complexity

In this section we derive the asymptotics of the normalized SC (13). Define

Ty(D,) = }log det([n + ‘P(A,;PT) ~ 1Ty (1 - (In + ‘I’ng)l), (19)
1

To(Dy) = g f() (L + #425)  f(x), 20)

@D

Using (13) and (3), we have E.F°(D,,) = T1(D,,) + T»(D,,). We first give out the proof sketch of
Theorem 4 for case that ;o = 0.

In order to analyze the terms T3 (D,,) and T>(D,,), we will consider truncated versions of these
quantities and bound the corresponding residual errors. Given a truncation parameter R € N, let
Dr = (¢o(x), 91(x),...,0r(x)) € R"* be the truncated matrix of eigenfunctions evaluated at
the data points, Ar = diag(0, \1,...,Ag) € RETVXESY and pp = (uo, 11, - . ., pr) € REHL
We define the truncated version of T (D,,) as follows:

Ty r(Dy) = Llogdet (In n ‘I’R’;i’%q’lg) - %Tr([ (I, + 2ehati)- ) 22)

Similarly, define ®5>r = (Pr4+1(X), Pr42(X), ..., Pp(x),...), Asrp = diag(Ar41,..., Ap, .. .),
fr(@) = S0 mpp(@), frR() = (fr@),... fr(za)T, for(@) = f@) = fr(z), and
f>r(x) = (fsr(r1),..., fsr(xs))T. The truncated version of T5(D,,) is then defined as

T
To,r(Dn) = 552 R ()" (L + Z22875) 7 fr(x)". (23)
The proof consists of three steps:

» Approximation step: In this step, we show that the asymptotics of T g resp. 15 r dominates that
of the residuals, |11 r(D,,) — T1(Dy)| resp. \T27R(Dn) — T5(D,,)| (see Lemma 8). This builds

upon first showing that || @5 g A~ p®L 1|2 = O(max{nR~, niR =", R'=2}) (see Lemma 29)
and then choosing R = na T where 0 < k < 2= T -2~ when we have |5 gAs g ®L 1|2 = o(1).

Intuitively, the choice of the truncation parameter R is governed by the fact that \p = O(R™%) =
—1l+rka __ —1
n =o(n™t).
* Decomposition step: In this step, we decompose 71 g into a term independent of ® r and a series

involving <I>£<I> r — nlg, and likewise for T5 r (see Lemma 10). This builds upon first showing
using the Woodbury matrix identity [48, §A.3] that

Ti,r(Dy) = $logdet(Ig + SARPLPR) — ATrdR(0° I + ARPLPR) 'AR®L,  (24)
Ty, r(Dn) = ﬁuR%@R(HIR + ArPLPR) g, (25)

and then Taylor expanding the matrix inverse (021r + Ag®L® )1 in (24) and (25) to show that
the ® p-independent terms in the decomposition of T r and T5 g are, respectively, % log det(Ig +

%AR)—%TI“(IR—(IR-F%AR) ) and nzlJ/R(IR“"UzAR) 1[LR.

» Concentration step: Finally, we use concentration inequalities to show that these ® z-independent
terms dominate the series involving <I>T<I> r — nlg (see Lemma 11) when we have

Ty (D) = (Slogdet(In + % AR) — 2 Tr(Ig — (In + 2 Ar) 1)) (1 + (1)) = O(n=),

O(nmw(0 S5 £ 28— 1,
O(logn), a=28-1.

TQ,R(Dn) = (#“%(IR + %AR>71/LR)(1 + 0(1)) = {

The key idea is to consider the matrix A}/ (I + 2 AR) V2L R(1+ %AR)_1/2A}{2 and show
that it concentrates around nA (I + %)’1 (see Corollary 26). Note that an ordinary application of
the matrix Bernstein inequality to ®5®p — nlp yields ||®L®r — nl||2 = O(R+/n), which is not
sufficient for our purposes, since this would give O(R+/n) = o(n) only when « > 2. In contrast,
our results are valid for a > 1 and cover cases of practical interest, e.g., the NTK of infinitely wide
shallow ReLU network [42] and the arc-cosine kernels over high-dimensional hyperspheres [33]
that have o = 1 + O(%), where d is the input dimension.

10



Next, we flesh out the complete proof below.

Lemma 8. Under Assumptions 1, 2 and 3, with probability of at least 1 — 2§ we have, we have

Ty r(Dy) — Ty(Dy)| = O(%(an_a+n1/2R1_a+T+R1_O‘+27)> (26)

If R = nat" where k > 0, we have |Ty g(D,) — T1(D,)| = 0(%71%). If we further assume that

0<kKk< M, po = 0 and 0® = O(1), then for sufficiently large n with probability of at least
1 — 45 we have

‘TQ,R(D ) Tg( )l — O((% )nmax{(%+ﬁ)%,l+%+(1*§5)ﬂ7—1—;-;,04,1—}- 1;2f3_f£04}). 27)
Proof of Lemma 8. Define ®sr = (¢r+1(X), drt2(X),...,¢p(x),...), and Asp =

diag(Ag+1,.- ., Ap,...). We then have

ITy(D,) — Ty g(Dy)| = ’2 log det(T + —<I>A<I>T) -3 L log det (1 + = <I>RAR<I>T)

1 OADT SrARDPL (28)
S| Te(1 o Te(1 4+ EEETRYL
3[4 2o - T4 R
As for the first term in the right hand side of (28), we have
1 1 o1 1 T
3 log det (I + 7<I>A<I> )— = log det(I + §<I>RAR<I>R)
1 T 1 v, 1 T
= 5 log det (I + q)RAR(I) ) (I + ECI)RAR(I)R + §¢>RA>R(I)>R)
1 1 1 29)
=I5 log det (1 + E(I + 02<I>RAR<I>§)1<1>>RA>R<I>§R>
1 1 1 Th_1 T
25 Trlog| I + E(I—F ﬁq)RAR(I)R) (I)>RA>R¢’>R .
Given a concave function h and a matrix B € R™*™ whose eigenvalues (1, . . ., (, are all positive,
we have that
Teh(B) = X2,_ h(G) < nh(3; X2 G) < nh(y Tr B), (30)

where we used Jensen’s inequality. Using h(z) = log(1 + ) in (30), with probability 1 — §, we have

|Llogdet(I + LPADT) — logdet(] + L OrARDE)|

< Blog(1+ L Tr(L (1 + 2028%8) 1 AL 0T )

2 log(1 + 25|(1 + A—) s <<1>>RA>R<1>ZR>>
2log(1+ 75 Yol n iy Mlldp(®)13) < 552 ol s Moll (%113
= 5t S5 1 2o (CRO (VT alIG, B + 577 ) + nll6y3)

= O(%” Z;O:RJrl Ap + n'/? Z;(n)iR+1 A" + Z;O:RJrl )‘pPQT)

~ 1

— 0(;12(7131—@ +nl/2RIme+T 4 Rl—fMT)) = o<;2na),

(3D

where in the second inequality we use the fact that Tr AB < || A||2 Tr B when A and B are symmetric
positive definite matrices, and in the last inequality we use Lemma 22.
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As for the second term in the right hand side of (28),let A = (I + %)*1/2. Then we have

T
%‘Tr(IJr PALT) 1 Ty(] 4 ‘be,?q)R)’l‘

& A p®T
:;ﬂAP_a+A(>R>R>RmrﬂA

o2

<

[N

(o)

Te[1 — (1 + (2222000 4) 1]

T T
(1= (14 L Tr A(Z=02m2om) 4) 1) < 2(1 — (1 4 L Te(22niom2ony) 1)

o

(1= (4 52 ol ra Mellop (BN ™) < 552 X0l pyr Mellp ()13

1
(%(an—a +n1/2R1—a+T +R1—o¢+27’)) — 0(171271@)7

IN N
SRS

I
O

where in the first inequality we use the fact that || Al|2 < 1 and Tr ABA < ||A||3 Tr B when A and
B are symmetric positive definite matrices, in the second inequality we use h(z) =1 —1/(1+ z) in
(30) and in the last equality we use the last few steps of (31). This concludes the proof of the first
statement.

As for |T»(D,,) — T2 r(Dy,)|, we have

ITo(Da) = Ta.n(Da)| = [ £(x)7 (1 + $485) 71 (3) — fn(oe)" (T + 2487) 7 i (x)

T (32)
| ()T (1 + 255) 7 () = fr(x)" (1 + 225E2E) T ()|

For the first term on the right-hand side of (32), we have

[FGOT (1 + 2285) 71 £(x) — fR(0T (1 + 2285) ! fa(x)|
< 2| for ()T (I + 2425) 7 f( ‘+’f>R YT(I+ $585) 71 £ ()

< 2| fo R () 2/l ( + ZAY 1 fp(x) | + 1 f5 R (0 21 ( + ZA2) o] f5 r (%) 12
<2/l for(x) 2| (1 + A fr(x) |12 + || >R ()13

Applying Corollary 23 and Lemma 35, with probability of at least 1 — 46, we have

6T+ 2585) 7 () = ()" (1 + 2485) 7" fr(x)|

. 1-28 -
(1 + 1)nR12/3>O( (2 + Dm0 L O((L + 1)nRY7)

(l +1) 1+(, +n) +max{ 1, 26}) +O((% +1)n1+(i+n)(1—25))

N 1, 1-28 1-28
—920 (%+1)n1+(a+f€) D) +max{—1, 2c })7

12,@

where the last equality holds because (1 + k) 1= 25 < when x > 0.
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As for the second term on the right-hand side of (32), according to Lemma 32, Corollary 30 and
Lemma 33, we have

[ FRGOT( + BAE) 7 fr(x) — falx)T (1 + ZE2528) 1 (x|

C_leR(X)T((I+_@Rﬁ§¢£)—1¢>RA>R¢£R)j(I+_@RARéR) U n(x)

o2

IN

Nk EMS

ApdT1njo1 o PorASRPL A
(1 + 22258%m)-1)7 1'”#“%‘H(I+M) 'frx)3 (33

o2

<.
I
—

1-28
— !}

o

O )04 + 1t =5

j=1

_ O((% + 1)nl+max{727
By (32), we have

1—02/3}7’%[).

~ 1 1-28 1-258 ~
|T2(D) TQR( )| O(( ) 1—0—(;—0—1—6) 5 —Hnax{—L20{}><i>0<((15<i>1)7711—"-rnax{—27

~ 1-2 1— 2/3 (1-28)k 1-28
:0<<§+1)nm“{< R e A mfr).

This concludes the proof of the second statement. O

In Lemma 8, we gave a bound for |T5 r(Dy,) — T2(Dy)| when nt < R<nst"ar  ForR > n,
we note the following lemma:

Lemma 9. Let R = n® and 0 = n'. Assume that C > 1 and C(1 — o+ 27) —t < 0. Under
Assumptions 1, 2 and 3, for sufficiently large n and with probability of at least 1 — 3§ we have

(To.r(Dn) = Ta(Da)| = O((} + 1) Fpnmastt/a=fuizatary), (34)
Proof of Lemma 9. Define ®wr = (¢g+1(X),drt2(X),...,0p(x),...), and Asp =
diag(Ag+1,---5Ap,-..). Then we have

T T
AL p) — frl0) (I + 2AP 1 )

T
‘I’A‘f )L (%) — Frlx)T (T + —‘I’RAR@R

T5(Dv) — To. ()| = |f< YT+

+ | fr)T I+

>1fR<x>\.
(35)

)

For the first term on the right-hand side of (35), with probability 1 — 35 we have

OADT @A@T
O'

) (%) = fr(x)T(T +
@A@T

)" fr(%)

‘f( Y1(1+

T
) Fr0)| | G0+ P ()

AT AT
2| m() 2 ||<1+‘D ) el m )+ 175 G + 25

<2l om0l ) + 1 GO
gzé<\/ G+ 1)nR12ﬁ> O+ - 17 + O + Domt=)

=0 (((1S + 1)nR1/2—ﬁ>,

where we used Corollary 23 and Lemma 21 for the last inequality.

2| for(x)" (I +

)2l f>r ()12

13

1-28
(e}

}—/-coc)



1 a+2T

The assumption C(1 — o + 27) — ¢ < 0 means that £—— = o(1). For the second term on the
right-hand side of (35), by Lemmas 32 and 29, we have

PADT PprARPL
Fr)T (I + =) fr(x) = fr(x)" (I + ==E) 7 fr(x)
> DRARDT Do pAsp®T N\ BpARDTL
Z (I 2 ) 2 (I+ 72) fR(X)
— o o o
- PrAR®PE | d.pA-pg®l,
<N+ =) T R L R (30

—

Jj=

> 0( RJ“ oren )O((5 + Dnllf113)

j=1

+ 1) Rl a+27—)

Using (35), we have

To(Dn) — To. ()| = é((

o<<

1)nR1/2-5) + O((% + 1)7»%31-&%)

Oﬂ\H O'z“—‘

1 max{1/2—8,1—a+271
e iy

Next we consider the asympototics of T g(D,,) and To r(D,,).

Lemma 10. Let A = (I + ZAg)~"/2A}/* (@505 — n)AY?(I + 2 AR)™Y/% Assume that
[|All2 < 1 where 2T < o < 1. Then we have

Tor(Dn) = g2 pp(I+ ZAr) ' ur+ 5 Y00 (1) E;,
where

_ " _ j—1 " _
Ej = phz(I+ 5 Ap) " (@RPr—nI) (F5 (I + 5 Ar) " AR(®R®r —nl)) (I+5AR) 1p.

Proof of Lemma 10. Let A, p = diag{e,\1,...,\r}. Since Ap = diag{0, A1, ..., A\g}, we have
that when e is sufficiently small, | & (I+ 2 Ac ) /A2 (@50 p—nI) A3 (I+ %A g) /2|2 <
1. Since all diagonal entries of 1~\6, R are positive, we have
2 RCI)T(I+ (IDRAE R(I)R) 1@3”]{

1 . o
= ﬁuR@g |:I — @3(0'2]4— A573@£¢R) 1A6,R(D£ Prur

1 1
= ﬁﬂg‘Pg@RNR - ﬁuﬁ@ OR(0°I + A r®LPR) ' Ac ROL PRI
(37

1

§;LR<I>T<I>R(U I+ A g®L0R)ur
1 ~ _
*[J,RA A6 R(I)T(I)R(UQI—‘y-AE R(PE(I)R) 1[,I,R

1 _ 1
= §NRA6,RHR QHRAe R(I+ Ae RORPR) 1.
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Using Lemma 31, we have

~ 1 < 1 - _
SHRA pir = SERA BT+ —5 A R®RDR) ™ g
L o751 L o131 i oyl
= SHrRACRMR — SBRACRU+ 5 Acr) B
1 & j+1, Tx—1 1 n x -1 ! n -1
+ 5 2 WP HRACR( ST+ SAcR) T A r(@R@r —nl) | (14 Aer) in
=1
_n T oy
= EHR(I‘F ﬁAe,R) KR
1 o 41,7 1 —1/&T n x —15% T i
t3 Z( 1) MR 3 (I+ —5Aer)” (PrPr—nI)| (I + ?Ae,R) A r(PRPR —nl)
=1
noxo_
I+ ;AE,R) "pr

Letting € — 0, we get

1 1 _
T3,r(Dy) = ﬁﬂ%q’g(ﬂ- ;‘I’RAR‘P%) "Orup

n n _
= ﬁﬂ%(fﬂL —2Ar) "ur
1 ¢ g1, L n 15T 1 n -1 T =
T3 Z (-1) NR;(I + ;AR) (Pr®Pr —nl) ;(I + ?AR) Ap(®rPr —nl)
j=1

no, o _
I+ —5Ar) 'ur

This concludes the proof. O

1
Lemma 11. Assume that 0> = ©(1). Let R = na " where 0 < k < 25527, Under Assumptions
1, 2 and 3, with probability of at least 1 — §, we have

Ty r(Dy) = (3logdet(I + ZAg) — s Tr(I — (I + ZAr)™ ")) (14 0(1) = @(ni). (39)

Furthermore, if we assume g = 0, we have

1-28
max{0,1+ }
Ty (D) = (g2 ph(I+ S5 AR) " pr) (14 0(1)) = O « ) af26-1,
O(logn), a=26-1.
(40)
Proof of Lemma 11. Let
n - 2 2 n -
A= (I+ —5AR) PN (@@n — DAY+ 5 AR) 2, 41
where % < v < 1. By Corollary 26, with probability of at least 1 — J, we have
Al = O(n =555, “2)

When n is sufficiently large, || Al|2 is less than 1. Let B = (I + %AR)_”QA}%Q((D%I)R -

nD)AY*(I + ZAR)""/2. Then |Bllz = Zr—r||All2 = O(n'27). Using the Woodbury
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matrix identity, we compute T (D) as follows:

Ty r(Dy) = $logdet(I + 5Ar®HPR) — 1 Tr@R(0*] + Ap®LPR) 'Ar®];
= Llogdet(I + % Ag) + Llogdet[I + & (I + HAg) V2N @50k — nI)AY (I + & Ag)~/?
—%TI‘(O'ZI—FA(I)R R) 1A<I)R R
= Llogdet(I + ZAg) + 3 Trlog[l + L B] — 1Tr(I — 0°(o°I + AR} PR) ™))
= Logdet(I + %AR) iy CV (L py
j=1
— AT | I - (IT+ &Ap)~" + Z LI+ 2 AR) ' AR(®E®R — nI)) (I + ZAR) ™
j=1

— (Llogdet(I + ZAR) — Tr(T — (T+ B AR)"1)) + 1 Tr Z( V(LB

— 3T D (-1 5T+ ZAR)TVPBI(I + ZAR) T2,

j=1
(43)

where in the last equality we apply Lemma 31.

Let h(z) =log(l +z) — (1 — —) It is easy to verify that h(x) is increasing on [0, +00). As for

the first term on the right hand s1de of (43), we have

$logdet(I + %Ag) — £ Tr(I — (I + ZAR)™")

R
=13 (log(1+ 2X,) — (1 - 7))
=1
pR R
=3D h(EN) <5 (0w )
p=1 p=1

—o(n'/*),

where in the last equality we use the fact that f[o +o0] h(z~%)dz < co. On the other hand, we have

Llogdet(I + ZAg) — 2 Tr(I— (I+ &AR)"")

/[1/n1/a,(R+1>/nl/a}
=0(n'/?).

Overall, we have 3 logdet( + % Ag) — 3 Tr(I — (I + ZAg)~!) = O(n/®).
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As for the second term on the right hand side of (43), we have

o0 o0
_ —1 . .
Ty U —(LBY|<RY 5B
j=1

j=1
_ RZ é( (- a+27)

j:l

~ a+27' ~ 1 1—a+2r
— RO(n" ) = O(natrt 580,

As for the third term on the right hand side of (43), we have

Tr | S (=1 (1 + ZAp) 2B (1 + ZAR)"/?
j=1

IN

2
j:l

Tr(L (I + 2 AR)"V2BI(I + %AR)*W)‘

02](I+ AR 1/2B](I+ E 1/2”

LI+ ZAp)"V2BI(I + % Ag WH

<RZ|>UZJBJ|>2
Then the asymptotics of 11 g(D,,) is given by
T w(Dy) = logdet(T + % Ag) — 1 Tr(I — (I + ZAp)"Y) + O(na ™ 5a ) + O(na ™+ 2a
—0(n'/) + O(na+n+1 atar
—O(na),
where in the last inequality we use the assumption that k < % Since O(na +’“ﬂ) is
lower order term compared to @(n a ), we further have
Ti,r(Dy) = ($logdet(I + ZAg) — 2+ Tr(I — (I + ZAgr)™Y)) (1 +0(1)).
This concludes the proof of the first statement.
Let A1.p = diag{\1,...,Ar}, P1.r (¢1( ), $1(x),...,0r(x)) and p1.p = (p1,...,1R).

Since o = 0, we have Ty g(D,,) = % T RO R+ 5 ®1.rA1.RPT. g) " P1.Rp1:R. According

to Lemma 10, we have

n
1o r(Dy) = Sgz M R(I+ A1 rR) MR
1 & i-1
+ 52 ()l <I+ Lo Ar)” 1(<1>{R<I>1:R—n1)(02(1+ —A1R)” 1A1:R(<1>{Rq>1:3—n1>>

\3“
i

2# (I+ A1R) "pir

l\v\'—'w

o] — n - 7
Z { Hl /J’l Lr(l + A1 R)” 1+7/2A1:E/2A((I + ?Al:R)71+7A}:RWA)

I+ ;Al:R) AL 7/ 1 R:|
(44)
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where in the second to last equality we used the definition of A (41). As for the first term on the right
hand side of (44), by Lemma 19, Assumption 1 and Assumption 2, we have

R 2,—20 max{0 1+1725}
n_oor n o n Cup O(nmaxtOIH 5 o £ 28 -1,
202 HiR( > 1:R) PR < 202 ;; 1+ %C’/\p—a O(logn), a=28-1.
On the other hand, by Assumption 2, assuming that sup;~, pi+1 — p; = h, we have
LE] C? -2
no g n _1 n “uPi
—pu1.r(I + A1 . — E =
952 mig(I + s 1:R) MR > oy 21y ?C’Ap;a
L7 0228

I \/

252 z:: 1—|— C,\(hl)

)V max{01+1 N, a#£28-1,
O(logn), a=20-1

Overall, we have

n n — max 1-25
oz hir(l+ —5AwR) g = OO ogh n),
0, o 7é 25 - ]-7
h fr—
where k {17 a=28-1.

By Lemma 20, we have

R 2 25(0 —a)—'y
n AP
I Al 1+'y/2A w/2 } :
||( +0_2 L:R ) H1: R||2 = C)\p )

45)
:O(max{n‘“”, RI728+e7])
=0 (nmex{ =27, 222 +r+r(1-28+am}),
Using (42), the second term on the right hand side of (44) is computed as follows:
_ n _ J-1
5 Z [ J+1 K1 R(I+ A R)” 1+7/2A1:P1§/2A<(I+ ﬁAlzR)_lﬂA}:RWA)
(I + ;Alz R)™ 1+’Y/2A “// Q. R]
1 1 (=1+7)(G—-1) n
<5 41 (%) 10+ S5 Am) ™20 el 46)
j=1
1S 1~ j(1—2yatat2n n\ (C1+7)G-1) - 1-29
1 L tat2n) (T max{—2+7, +y+r(1-284+av)}
§2;<7210( i (02> Oln )
-0 (nmax{*2+w+7172”‘3§“+%’%Jerri““%Za“T +r(1-2B+a7)})
= O (el =2 HEIEE A0+ R be(1-20 )}y
Since 1+g‘;27 < }J-Ofig: =1, we have —2 + % < 0.Also we have
1-2 14+a+271
b +K(1 =28+ a7)
« 2c
1-2 1—a+27
= ﬁ+1+27+/£(1—26+a’7)
“ (47)
1-283 1—a+2r
+1+——F—— +ray
2c
1-2
< b +1,
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where the last inequality holds because x < %QT and v < 1. Hence we have
T5,r(Dn) :ﬁﬂl»R(I + *Al R) ‘pig + O(nma"{*%LgIz* AR +r(1-2B+a7)})
k

:@(nmax{o BER ﬁ} log n) + O( max{f2+%,%Jr%Jrn(lfQﬁJray)})

28

= Jloghn).

=0(n

where k = {(1)’ o7 ;g B 1’. Since O(?”Lmax{*2+ B T Fr(1=26+en}) s lower
, = -

order term compared to ©(n
To.(Dn) =(@N£R<I + S5 AiR) " ) (1+ (1)

This concludes the proof of the second statement. O

*n), we further have

Lemma 12. Under Assumptions 1, 2 and 3, with probability of at least 1 — 56, we have

Ti(Dy) = (; log det(I + %A) - %ﬂ(z —(I+ ”QA)—l))u to(1)) =O(n¥), 48

Furthermore, let § = n~% where 0 < ¢ < min{ (25— 1)(0‘2 1= 27), o= 1 27} If we assume pg = 0, we
have

T5(Dn) = (%NT(I-F %A)_lu)(l +0(1)) = {

1—-28

max{0,14+-—7"} _
O(logn), a=28-1.

Proof of Lemma 12. Let R = na " where 0 < k < a};%. By Lemmas 8 and 11, with probability
of at least 1 — 56 we have

T, r(Dy) — T1(Dy)| = O(natr01=)), (50)

and

| To, /(D) — To(Dy)| = O<<§ T (B e iy

/jf{a}) (51)
as well as
Ty 5(Dy) = (; togdet(I + Ty Ag) — 5 Tr(T— (1 + :QAR)*)) (1+0(1) = O(n¥), (52)

and

To.r(Da) = (5o (1 + S0 i) (L+0(1)) = {

1-28

O ({0, a#% L,
O(logn), =28 —1. (53)

We then have
Ty(Dy) = Ty g(Dy) + T1.r(Dy) — T1(D,) = ©(ne) + O(natr1-2)) = @(n=).

Since O(n=T+1-9)) is lower order term compared to ©(n= ), we further have

Q=

Ti(Dy) = (; log det (I + %AR) - 1%(1 —(I+ ;AR)‘1)> (1+0(1)) = O(n+)

2

Besides, we have

log det (I + ﬁA) — logdet(I + EAR)

- —a n l—a
Z log(1 + —)\ Z Ap < po) Z Cwp™ = EO(R )
p=R+1 p=R+1 p=R+1

n —a)(t 4k
zﬁo(n(l 5+ ))

= o(n%).

19



Then we have logdet(I + % Agr) = logdet(/ + Z5A)(1 + o(1)). Similarly we can prove

Tr(I-(I+ 501 = Tr(I (I+2%Ar) 1)1 Y o(1)). This concludes the proof of the first
statement.

As for T5(D,,), we have
T2(Dn) = T2 R(Dn) + T2 R(Dn) - TQ(DTL)

"n)+0 <((1s  1)pmand () 122 1 122 B30 1 14 128 —m})

=0(n

— @(nmax{o 141228 }log n) +O(nq+max{( +r)i2e 26 14 1-28 26_,'_% ko, 141i=28 2/3 Ka})

0, a#28-1,

where weuse § = n~9, k = {1’ a=28-1."

Since 0 < k < 2127 and 0 < ¢ < mln{ (26— 12321 27),‘“ 1-27}, we can choose 1 <
a—1=27 and & is arbitrarily close to 52T such that 0 < ¢ < min{ w, ka}. Then we have

(i—kn)l}w+q<0,—1—/<aoz+q<O,M+q<0and—ma+q<0. So we have

TZ,R(Dn) _ @(nmax{o 1+ 2ﬁ} log n)
Singe O (4 -+ mos((-rm) 122 11528 0320 1 1252

1-283

—ra} ) is lower order term com-

(nmax{0,1+

pared to © }Hog" n), we further have

n _
T3(Dn) = To,r(D)(1+0(1) = (55 k(I + —5AR) " 1r ) (14 o(1)).
Furthermore, we have

n _ n _
pHI+ M) e R+ —5AR) R

oo 2 0o
_ Hp 2 28 _ 1-28
- Z (1+£)\)§ z ST Z Cup O(R™™)
p=R+1 2P p=R+1 p=R+1

— O(n(l—%)(é%))

=o(n =),

Then we have p” (I + ZA)"'p = ph,(I + % Agr) " ur(1 4 o(1)). This concludes the proof of
the second statement. O

Proof of Theorem 4, 1o > 0. Using Lemma 12 and noting that é > 0, with probability of at least
1— 53, we have

EcF®(Dy) = T1(Dy) + T2(Dy)
%logdet(f + %AR) - %Tr([ - I+ %AR)*l)
+ b+ ZeAn) ] 1+ o)
= @(nmax{z 2241}
Letting § = 55, we get the result. ]

In the case of ;1o > 0, we have the following lemma:

Lemma 13. Assume that 0> = ©(1). Let R = na % where 0 < r < =127 Assume that o > 0.
Under Assumptions 1, 2 and 3, for sufficiently large n with probability of at least 1 — 46 we have

|Ty.r(D,) — To(Dy)| = O(((ls + 1)nnmx{1+(i+m>lf"»1—m}> B (54)
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Proof of Lemma 13. As for |T5(D,,) — T2, r(D,,)|, we have

T T
AL p ) — fr0)T (I + 2AP ) )

@A@T O pARDY
0-2

ITy(Dy) — Ty (Dy)] = |f< (It

+ | fr(x)" (I + ) fr(x) — frx)T(I +

>1fR<x>\.
(55)

)
For the first term on the right-hand side of (55), we have

<I>A<I>T <I>AQ>T

) fR(%)
(I>A<I)T

)" (%) = fr(x)T(I +
@A@T

‘f( Y1+

)" 1f>R(X)
<I>A®T

) fr(x)
<I>A<I>T

2| for(x)T (I +

+ | for(x)TI+

<2/ f>r()2/I(F + )" Rz + 1> rE) (T + )zl f>r()]12

<I>A<I>T

<2||f>rG|2lI(1 + )" Rz + [R5

Applying Corollary 23 and Lemma 35, with probability of at least 1 — 49, we have

\f( 1+ PAP ) ) fa T+ PAT

s20</ 5+ 1)nR1—2B> Ok + 1)+ 0((L
—2O<(;+—Dn1Hé+@1?”> 0«; + Dt tE R -28)

ao((L 4 ko),

As for the second term on the right-hand side of (32), according to Lemma 32, Corollary 30 and
Lemma 34, we have

)" fr(%)

+ 1)nR'=2P)

[«

AT ) = flx)T(1 4 2PARDR

fr(x)T(I+ )" fr(x)

o2

i(—l)ij(X)T ((I + (I)RAR(I)%)fl cI:’>RA>R<I)£R>J‘(I + %)71f}3(x)

02 o2 02

- PpAR®EL i1 PsrASRDL P rARDY,
e I O B e [ [0 I L R

+ 1)n1+(§+~)1

‘2”> + O((% + 1nt=re)

L p)pman (i () 22 1 m}),
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Lemma 14. Assume that 0> = O(1). Let R = nat" where 0 < x < min{ 21527 2[5 ). Assume

20(2 )

that po > 0. Under Assumptions 1, 2 and 3, with probability of at least 1 — 9§, we have
Ty (D) = g + O 5525 1220 57
o

Proof of Lemma 14. Let
A= (T4 ) NG W — DA+ S ), o
where 2+27 < 4 < 1. By Corollary 26, with probability of at least 1 — 6, we have

1-2vata+27

4]l = O(n="57). (59)
When n is sufficiently large, ||Al|2 is less than 1. Let pur1 = (uo,0,...,0) and puro =
(0,p1,...,pr). Then pr = pr1 + pro. Let Ay g = diag{l,A1,...,Ar} and Iy p =
(0,1,...,1). Then AR = ALRIO,R' Let B = ( AR) 1/2A1/2(‘1)T(I)R - nI)Al/Q(I +

2 Agr)~'/2. By Corollary 27, we have || B||s = O(y/log £n?). By Lemma 10, we have

n n _
T r(Dy) = 7N£(I + ;AR) ‘g

1 . 1 n 1 n it
41, T —1/aT -1 T
+ 3 Z [(—1)3 NR;(I + ;AR) (Pr®Pr —nl) (JQ(I + ?AR) Ar(®rPR — ”I))

(60)
As for the first term on the right hand side of (60), by Lemma 19, we have

n n o _ ub n 2 max 1-2p
507t I ) s <M0+Zl+ >:2a2“3+0(” ).

We define Q1 ;. Qz ; and @3 ; by

o2 S CAp

1 n i1
Q1 =Wp - (I + - AR) HoLdr — nI) (UQ(I + ;AR)”AR(@%I)R — nI))
I+ 7AR)_ MR
1 n i1
Q2 = Ih, 1= (I + - AR) Y@hPr —nl)( (I + —Ar) "Ar(®LPR — nl)
o g (61)
I+ QARY HR2
T 1 n A —1 T 1 n A 71A T it
Qs = HR,Q;(I + 52 r) (PRrPR —nl) ;(I + ) Rr) Ar(®RrPr —nl)
n
I+ —=AR) '1rs
ag

The quantity ()3 ; actually shows up in the case of iy = 0 in the proof of Lemma 11. By (44), (46)
and (47), we have that

o0 o0
D (1Y Qagl = | Yo (17O T om0 T | = om0 S,
j=1 j=1

(62)
For Q)1 ;, we have

1 n 1 n 14
Q11 = ﬁ#%@(f'f‘ ;AR) 2B+ ;AR) g,

1 n I e
< 3T+ S A0) 2 BB

= O(4y/log ?n%)
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where in the last equality we use || B||2 = O(4/log %n%). For j > 2, we have

Qi = %N%@(Pr %AR>_1+%B((I+ %AR)‘“’YA};{Ul)J;Q(IJr %AR>_1+7A}%—’Y
B(I + %AR)_H_%HR,I
< a3+ AR E BIBIBIAI 210 + S An) AR T
= O(log %n TR n~(=ME=1)

= O(log ?Tﬂ . n(jﬂ)(;;aﬂﬂ ).

Then we have

31 Q] < Oy log Tudy+ 3 Otog T ) Z Oflog ) (@)

For @2, j, we have

1 n 1. n _ _ -1 n 117-%
Q2 = ﬁ”g,l(l"_ ;AR) HZB((I‘*‘ ﬁAR) 1+7A}% WA) (I + ;A) TIA Rl"R2

1 i n _ i n . _qj.x~-2
—leral2 Bl AT+ —Ar) AT+ 5 A) T2 AL Bprsl
o<l o o

R 1 G—1)(1—a+27) n
:0(,/1oggn%.n %a )\\(I+§A) 1+§A1RMR2||2

Since ||(I + % A)~! %[\1 RMR,2|2 is actually the case of yo = 0, we can use (45) in the proof of
Lemma 11 and get

[ -1 n _ —~/2
1T+ S0 3R, R sl =N+ S5 )20 el

([, Max 1=28 K «
=O(nmax{=2+7. 35 Fr+a(1-28+am)} (64)

=0 (nmax{=2+7, 228y (1- 2B-+a)})
=o(n”),

2[; ;1 . Then we have

where in the last equality we use K <

> , = G=D(-at2r) [ R 1ty
|Z(_1)J+1Q2J| < Z log = -n Za ) = o(4/log 5 2 ) (65)
i=1 i=1

Choosing v = £ (1 + 127 — 130427 ] we have

2« 4o

n
T5,r(Dn) = 551k (I+ AR KR+ Z Q1 + Q25 + Q35)

202
. - R [ R 114y
202 MO B ) + O(nmdx{o,l-ﬁ-l O62/3}) + O(log gn’Y) + 0( IOg gn%)

_ max{1tY 141= 25}
= —u2+0(n = )
202

n ~

+0(n

max{ 1+7;Q+27— 1+ 1;25 })

O

ProofofTheorem4 o> 0. Let R = natr where 0 < k < min{ 4= 5= 21(1227, 2B ). Since 0 <
262 ! in{e=l727 25 26711 we can choose k < mm{%, 2571

5z } and & is

g < min{
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arbitrarily close to £ < min{ 25527, Zi 2} such that 0 < ¢ < Inin{@7 ka}. Then we have

(i + m)% + ¢ < 0,and —ka + ¢ < 0. As for To(D,,), we have
152(Dpn) < To,r(Dy) + |T2,r(Dn) — To(Dy)|

_ qugﬁ_é(nmax{%,l%*%})_'_(j((%_|_l)nmax{1+(§+n)1722131171104})
g

— Lz (2 4+ O(nmax {5 1122 4 5 (nq+max{1+<g+n> 28 Jwa})
20

n
= @Hg + o(n).

By Lemma 12, we have T} (D,,) = O(n=). Hence E.FO(D,,) = Ty(D,,) 4+ Tx(D,) = oy g +
o(n). O

D.2 Proofs related to the asymptotics of the generalization error

In this section we derive the asymptotics of the Bayesian generalization error (1). Define

Gl(Dn) = E(z71+1,yﬂ,+1)(T1 (DnJrl) - Tl(Dn))v (66)
GQ(Dn) = E(z,L+1,y,,L+1)(TQ(D'rH—l) - TQ(DH))- (67)

Using (3), we have
EEG(Dn) = Gl(Dn) + Gg(Dn). (68)

We derive the asymptotics of the expected generalization error (68) by analyzing the asymptotics of
the components G (D,,) and G2(D,,).

Next, we flesh out the complete proof.

Lemma 15. Assume 0? = O(n') where 1 — 4o <t <1l Let R = n' 02({;:1”“)(1_25). Under

Assumptions 1, 2 and 3, with probability of at least 1 — & over sample inputs (x;)_,, we have

(1—a)(1—1)
G1(D,) = o) (Tr(I + o AR) T AR — AT+ %AR)—H@) — ;2@<na

202

(69)

Proof of Lemma 15. Let G1 r(Dy) = Eu, 1y, o1)(T1,r(Dnt1) — T1,r(Dy)), where R = n for
some constant C. By Lemma 8, we have that
G1(Dw) = Gra(Da)l = [Be o) [T1(Dn1) = T, p(Dr)] = [T(Dy) = Ti, (Do)
= |E($n+1,yn+1)0((n + l)Rl_a)| + |O(an—a)H
= O(U%an_"‘)_
(70)

Define 7z = (¢0(Tni1), $1(Tns1);- - Or(Tns1))T and D = (@%,nr)T. As for G1 gr(D,,), we
have

G1,rR(Dn) = Ew, 1 i) (T1,R(Dny1) — T1,r(Dn))

1 (T)RAR(T)T 1 (T)RAR&)T B
= E(wnﬂaynﬂ) <2 logdet(I + TR) — 5']:‘1'(] — (I+ TR) 1)
1 ©rARDE, 1 DRARDT
_ §logdet(I+T)—§T‘r(I—(I+T) )
~ ~T

1 (I)RAR(I)R (I)RAR(I)E
= 5 E(-'L'n+17yn,+1) logdet(I + T) — logdet(f =+ T)

1 @RARCD _ (I)RAR(I) B
B 5 (E(xnr+1)y7l+l)Tr(I - (I + ) R) 1) — Tr([ _ (I 2 R) 1)
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As for the first term in the right hand side (71), we have

1 O rARDT O rARDT
3 <]E(xn+1,yn+1) log det(I + TR) —logdet(I + 73)

0.2
AR&;T(ER AR@T(I)R
(IE(MH wnir) logdet(I + 071;) — log det(I + 071;)
AR(I) q)R—FT]R?’] AR‘I)T(I)R
=~ E(n.1.pn.) logdet(I + R _logdet(I + Uiij)

AR‘I’ (I)R _ Ar®LPr  Agnenk
(@t trUnit) logdet( e 012?‘ + 2 R

AR(I) Pr._1 ArnrNE
(Trs1,ynat) log det ( o2 ) o2

AR®Tdp
]E(f'in+1’yn+1)10g< + 72 £(1+ 012\2 ) "Arnr

&

N = = N = N m\._n

AA/%\A

Let

A=+ %AR)‘”QA}{Q(@E@R —nD)AY?(1 +- ZAR)TV2, (72)

According to Corollary 26, with probability of at least 1 — &, we have [ LAl =

/ l1—a+27 _ (1427)t
O( log ?’]’L 2a 2a

Lemma 31, we have

) = o(1). When n is sufficiently large, |5 Al|2 is less than 1. By

Ar®LdR .

ne(I + )" ARnR

o2

T n -1 - (1 n -1 T ’ n -1
=nr(I + ?AR) ARrnr +;(—1)]773 <02(I + ?AR) Ar(PRPR — ”D) (I + ;AR) ARrnr

n n _ ; n _
_n£(1+?AR ARUR+Z 2]773 I+ ~5=AR) V22 40 4 —3hn) V2
n _ i n — 1/2
<0+ Z5AR) " Arnr + > o A + T Ar) ™20 2

Jj=1

—

R — __
Cap™® Cyp
2 J
SZ%(%H)W Z [ AII Z(b )T ol
Chp™p? j Cap™“p*”
Zl+nOAp a/02+2”7 I2 Zl+nC’Ap /g2
—a T —t 1 . —« T —t
<Oy 4 Z ||§A||§O(n7(l 200

(l—a+f27)(1—t)

=0(n~— = ) =o(1), -
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where we use Lemma 19 in the last inequality. Next we have

1

D rARPT
9 (E(ﬂﬁvwl,y?&ﬂ IOg det(I + 721%

SrARDPT
) —log det(I + m))

1 1 AR(I)T(I)R _
= 5 <]E($n+1,’yn+1) 10g<1 + ;lrlg(‘[ + 0,712?) 1ARnR

1 1 AR®L PR _
= 9 <]E($n+17yn+1) (0277%(] + 0.712?) IARnR (1+0(1))

1 Ar®hd
::%ﬂ<nu+30§fU*AR>u+oa»

where in the last equality we use the fact that E(wn+1,yn+1)7’R77£ = I. By Lemma 31, we have

Ar®Ldp

o2

TI‘(I+ )71AR

] ) 1 7
:THL+;AQMR+§:FDVH< uAuZA@1AM§$%—nD)(LﬂZA@1AR

/ o?
Jj=1

_ n -1 - j 1 n —1/2A1/2 44 n —1/241/2
=Tr(I + —5Ar) AR+Z;—mwn;5u+;?ua /M%A%L+;A@ 12A2.

By Lemma 19, we have

kil o —a
T+ A e < 3 Ity = o0 )
Te(I + %AR)_lAR > XR: C*L;T_a —on"H ).
g = 14+ nCh\p=®/o?
Overall,
Tl + A A =00, (74)

Since || %AH% = 0(1), we have that the absolute values of diagonal entries of —; A’ are at most
o(1). Let (A7), , denote the (p, p)-th entry of the matrix A7. Then we have

1 n _ 1/2 44 n — 1/2
ﬂgza47ﬁAm]ﬂAgA%L+ﬁAm]ﬂAg

R .
3 Ap 557 (A7)pp

— 1+ n\p/o?

R 1 j
)\ ||TA||% (1—a)(1—t)
< Pl 527 — @ =
<D Thaajer = O

j(l—a427—(1427)t)
Za

(log R)/?),

p=1

(75)
where in the last step we used (74). According to (74) and (75), we have

1 DRrARP DRrARPY
3 (E(wn+1,yn,+1) log det(I + TR) —log det(I + TR)
1 Ar®EdR 1 (1-a)a-1) = (-1, ~, j0-at2r—(+2m)0) o

7=1
(1—a)(1—t) (1—a)(1—t) (1—a)(1—t)
=50 = )+ H00n = o(l)=50m = )

- (0 S
(76)

26



Using the Woodbury matrix identity, the second term in the right hand side (71) is given by

N —

N = N =

Il |
L N I Y T
7N N

[\
3

1
ﬁ (E(I7L+1 Ynt1) Tr

(E($n+l7yn+l)Tr(I - (I +

1
(E(-’En+1vyn+1) TI'(;

T
)yt —Tr(1 -

o2

1+ <I>RAR<I>E)1>

~ 1 i~
<I>R(I+§AR<I>£Q>R) TAR®% —

1 ~m= _
Bt ymit) Tr(I 4+ EARQEQDR) 1 Tr(I + ;AR(DE‘I’R) 1)

1 1 B 1 _
B iaynin) Tr( + ;ARCDE‘I’R + ;ARﬁRnﬁ) - Tr(I+ ;AR‘I’%‘I’R) 1)

(E(ivn«l»l sYn+1 ) Tr

where the last equality uses the Sherman—Morrison formula. According to (73), we get

(I+ 2 AR(I)T(I)R)_lART/Rn]j;(I'i‘ 5 AR‘I)Iqu’R)_l)

1+ 5nh(I+ HArPEPR) " "Arnr

(I+24 AR‘PT‘I)R)*IARURWE(I‘F oz AR‘I’%I’R)1>
]-+ o2 773(—7+ AR(I)T(I)R) 1AR77R

( <I>R(I+ AR<I>T<I>R) 1AR<I>};>

1 1, =px
e ynin) T(5 (T + —5Ar®RPR)" 1/\R@R‘I)R*Tr( o+~ AR‘P R)” 1AR‘P£‘PR>

= # <]E(xn+17yn+l) Tr(1 + ;AR@E@R)*lARanE(I + %AR(I)E(I)R)il(l n 0(1))>
— 1%‘02(1) Te(I + %ARtDﬂq)R)*lAR(I + %AR@E‘PR)fl

= 1%‘02(1) TrA}{?(I + %A}%/2¢E<I>RA}%/2)_1A}%/2(I n %ARQ)%@R)A

— 1%‘02(1) Tr(l + %A%QQE,@R/\}?@)—lA%Q([ n %ARQ)%@R)—IA}%/Q

- 1%:2(1) T+ %A}{Q‘I’g%/\}f)’l/\a(l + %A}{QQEQRA}{Q)*

= LD A+ Ay el

_1 + 0( )

where in the penultlmate equality we use Tr(BBT) = || B||?

1 n _
IR+ AR 20+ S AN+ S A0 2R

F

in the last equality we use the definition of A (72). Then we have

1+ 0(1)
22
1+ ()

|\A1/2(I+
140
== 1+ol) )|\A1/2(I+

By Lemma 19, we have

1/2 n
1A+ =

1/2 n
AR+ =

n _ 1 n _
AT+ 5 AR) 72U+ A7 T+ 5 AR) 7

> .1 . n _
DAR T4 (Y AT+ A

Jj=1

B|| is the Frobenius norm of A, and

[e’e] . n
" AR)” 1+Z(, )7 7A1/2(I+ —ARr)” I/QAJ(I+§AR)71/2H%'

o2

[N
(1+nCyp=/0?)?

(1—a)(1—1t)
2a

NE

Ar)Hr =0(n )

p=1

Ar) e

Y

p:1
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(A—o)(1—t)
:@ n 2 .
Z +7”LCAP */a?)? ( )

(77)



Overall, we have
(1—a)(1—1t)

IAK* I+ AR = 0(n %), 78)

Since || 25 A2 = O(y/log %n%*%) = o(1) , we have
H—W(H S AR)” 1/2Aﬂ‘<f+ﬁAR>*1/2||F
< ||A”2<I+ —AR)” 1/2||FH AN+~ ZAR) V2, (79)

(1—a)(1— t)

=0(n 2 )O(n

j(l—a+27— (1+2‘r)1)
Za

(log R)” 2,

where in the first inequality we use the fact that | AB||r < ||A||r|/B]|2 when B is symmetric. By
Lemma 19, we have

1 .
E‘TrA%/2(I+%AR)71A}%/2(I+ﬁAR)71/2AJ(I+%AR)71/2

(= AY)
Z * (1+nAp /02

R
A || AH] (1—a)(1—t)  ~ j(l—a+27—(1427)t) .
= a = 1 /2
<3 T oy~ O O™ =5 (log RY2),

(80)
According to (78), (79) and (80), we have

1 O prAROT OpAR®T
5 (E(aj7t+17y1L+l)Tr(I - (I + M)_l B Tr(I a (I + m>_1>

1+0(1) 1 - 1 _
= 52 Tr(I + ;AR(I)Eq)R) IAR(I+ ?AR(I)E(I)R) 1
1+0(> 1/2 -1 N j L 12 n —1/2 4] n —1/212
= AR (I+ AR ‘*‘Z(‘U ﬁAR I+ ;AR) AT + ;AR) 1%
1+ o(1) n ool
B (i Zan i WA+ AR A ™
+2ﬁA}{2(I+%AR)—1Z(— EA”Q(IJr —Ag)” 1/2Aj(1+:2AR)_1/2>
j=1
1+o0(1 (A-a)(1=t) =1 (=)=t =~  jO—at2r—(1427)t) ;
= 202( >(®(n a )-f—ZﬁO(?’L a)O(n 2o (log R)’/?)
j=1
i 1 —« —t ~ j(l—a T— T)t .
+2) ] 5 0m oM TR ’<logR>J/2>>
(1—a)(1—t) 1+ 0o(1 n _
= o) = LED AT+ Zan)
1)

Combining (76) and (81) we get that G1,z(D,) = TAY(Te(I + ZAR)"Ag + |AY (T +
%AR)_l‘I%) = 720(n w) From (70) we have that G1(D,,) S G1,r(Dn) + |G1(Dy,) —
G1,r(Dy)| = P o(n a-wa-n

)+ O(n R'~*). Choosing R = (a0 e conclude the
proof. O

Lemma 16. Assume 0> = O(n') where 1 — 1% <t < 1. Let § = nP. Assume that |||y = 1.
When n is sufficiently large, with probability of at least 1 — 2§ we have

[(I+ LPsAs®E) T PsAslls = O(y/ (2 + Dn-n~ 7). (82)
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Proof of Lemma 16. Using the Woodbury matrix identity, we have that

1
(1 + —5PsAs@E) T PsAss =[] — @s(0°] + AsPEPs) ™' Ag@E] PsAsE

=PgAgé — @S(sz + A3¢§¢S)71A5®£©3Asf (83)
2(1)5(]—|— %qu)gq)s)ill\sf.

Let A = (I+ 2 As) 7 2AY (@%@ —nD)AY (I + 25 As) /%, where y > Lrat2r—(ltariza)t

~ (n 1tat2r 2({11+2T+2a)t —'y(l—t)).

By Corollary 26, W1th probablhty of atleast 1 -8, we have || 5 A2 =
2> A||2 is less than 1. By Lemma 31, we have

1
(I + §A5<1>§<1>S)—1

o J
(I+ As e Z ( I-l— As) Ag(@Ldg - nI)) I+ %AS)_l
j=1

Then we have

(I + 5AsPEPRs) " Asé]l2

Jj=1

e j
H I+ AS 1+Z ( I+ AS) 1AS(<I>§<I>SnI)) (I+%AS)*1 Agé

J

<[+ Bas)- ( 1+ Zo0s) As(@F8s — ) ) (+ As) s
2
(84)

For the first term in the right hand side of the last equation, we have
2
n _ n g _(1—

I+ —5A9) " Astll2 < 11+ —5A9) T Asllafiglls < — = Om~U79). (85)

1+a427—(14+274+20)t
(1

Using the fact that || 5 Al|s = O(n
have

“)and ||(I + ZAs) tAglla <n~t we

1 n _ J n _
<0_2(1+ ;As) "Ag(P§Ps — nf)) (I + ;As) TAsé

2

1 n Ly 1-2 n _ _N\Jt n T - 1
= || oxhs) EAG T (AU + A9 TAYT) T AU+ Jhs) T EAG T ASE

2
j(l4tat2r—(142742a)t)
2a -J

IV o - _ n 142, 1-2
<n 0D HO-D g T+ e EAT e,

1—-2

*[l2ll€]l2

~ 1(1— t)+(1 a+27’ (1+27’)t)]

n x
=0(n~3 I+ 25 8s) A

:O(n_%(l_t)—‘rwﬁﬂ—?;(w)O(?’L(_1+—Y/2)(1_t))

—O(ni(lit)+ (1*0+2T;(1+27)t)j
(86)
Using (84), (85) and (86), we have
(I + 5As®PEPs) " Asé]l2
(87)

(O( (1—1t) ZO 1+M)
j=1

H(n~ (D) 4+ (fj(n_l"’1 S ))
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By Corollary 24, with probability of at least 1 — §, we have

1@s(I + JxAsERs) ™ Asl2 =O( (5 Dnll(I + zAsP5Ps) " Aséll2)
50/ (L ~(1-1)
=0( (g +1)n-n )-
From (83) we get ||(I + 5 ®sAsPT) ™! fo(x)[|2 = O( (% + 1)n - n~(=1)). This concludes the
proof. O
Lemma 17. Assume 0> = ©(n') where 1 — 4oy <t <1 Letd = n"9 where ) < q <
[0‘7(1+2T)4(;;t)](2'871). Under Assumptions 1, 2 and 3, assume that 19 = 0. Let R = nla+r-1)

a—1—27+(1427)t

where 0 < Kk < 7T G P Then with probability of at least 1 — 60 over sample inputs (x;)?_,,

we have Go(D,,) = %H(I + %AR)_luRH% = #@(nmax{—Q(l—t%%}logkﬂ n),
0, 2a#2B-1,

where k = {17 %0 = 25— 1.

Proof of Lemma 17. Let S = nP. Let Ga,5(Dy) = E(%Jrhynﬂ)(TgyS(DnH) — Ty 5(Dy)). By
Lemma 9, when S > n™*th @177} with probability of at least 1 — 3§ we have that
G2(Dn) = G2,5(Dn)| = Bz, 11 ,y010)[T2(Dns1) = To,5(Dnta)] = [T2(Dn) — To,5(Dy)]|

= B O(( + D )smsl/2=iloat2nd) - G (L 1) ypgmex(1/2-pi-atan )
= O((% + 1)%nsmax{l/2—,{3,l—a+27—}) (88)

(89)

Let Aq.g —diag{)\l,.. )\5} (I)IS = d)lgwx --~7¢S< )) and py.5 = (ul,...,us).Since
1o = 0, we have Th S(D ) = 202;41 oot (1 + L ®1.5A1.5PT5) 1 ®.gp1.5. Define 1.5 =

(1(Tns1), .-, bs(xns1))T and By.g = (<I>1TS, 7. S)T In the proof of Lemma 10, we showed that

1
To,5(Dn) = 5515 PLs (T + — L @ushs®lg) B

1 _ 1 _ _
= §N{SA1:S:"‘1:S - §NI:SA1:}9(I + pAl:Sq){Sq)hS) "z

We have
G2,5(Dn) = Epiy ynsn) (T2,5(Dng1) — To,s(Dn))

1 - 1 ~ 1 e
—-Eunugnu><2u£sAL§Mhs—-2M£sA1é(I+-UgALS¢£¢S)1Ht5>

1 _ 1 _ 1 -
- <2H1T;SA1;13H1:S - §H1T:SA1:1S(I + ;ALS‘I’{;S‘I’LS) 1N1:S))

1 B 1 ame
SulsArs(I+ 7A1:s¢£‘1>s) 1#1;5)

1 _ 1 ~
= E(zn+17yn+l) (QIJ’ESAI:‘IS(I"_ 7/\1:5‘1);5‘1)1;5) 1/»‘/1:5 - 9

( ul (I + 5A1.59T ¢P1.5) ™ 1/\1 sn1ss (1 + 55 A1s Pl gPris)” 1“ )>
rusiwnin) | gz ks s 1+ Lnlo(I + 5A1sPT @1.5) Avismis "
(1 pls(I + 5] s‘Pl sA1:s) sl (1 + ngl:Sq’l:sq’lzs)_lmzs))
rL+17y7L+1 0— ]_ + 027’]1 S(I+ Al S@ S¢1 S) 1A12$’77115
‘o 1 .
Eanrsn) < 5 I+ <I>TS<I>1 sA1s) " sl (1 + pAlcSqflpﬁS@l:S) IHLS)
1+o(1 1 - 1 -
= TQ()N?:S(I#» ?(I'{S(pl:SAl:S) 1(I+ ;Al:s@is@l:s) 1“1:5
1+ o(1) 1 T 1 2
= TH(I—F ﬁAlzs(I)l:S(Dl!S) Nl:SH27

(90)
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where in the fourth to last equality we used the Sherman—Morrison formula, in the third inequality
we used (73) , and in the last equality we used the fact that E(znﬁ,ynﬂ)nl:SnES =1

Let f11.r = (p1,...,1R,0,...,0) € RS. Then we have
1 _ 1 1. 1 _ N
I|(1+ §A1:S‘P£s@1zs) Ypisle < |11+ ;Ahsq’fsqh:s) Yprglle + 11+ ;Ahsqffsq’ms) Yp1.s — f1:r)ll2,

1 _ 1 1. 1 _ N

(1 + §A1:S‘I’1T;s¢’1:s) Ypaslle > ([(1+ ;Arsq’fsq’l:s) Yirlle — (1 + E/\l;s‘b{;sq’ms) "(p1:s — g2
o1

Let R = n(at®(1=) where 0 < k < %W In Lemma 33, (136), we showed that with

probability of at least 1 — 4,

(I + %ALR(I){:R(I)I:R)_lﬂl:R‘b =0t max{—1,4522} log*/? n)

92)
— (1+o(L)|(I + %ALR)—MLRHQ,

2 26 —1
(1)’ 2a 7 2? 1’. The same proof holds if we replace ®1.r with ®1.5, A1.g with
, 2a=28—1.

A1.s, and p1.g with f11.g. We have

where k = {

1-283

(I 4+ HA1sP].6P1.8) g2 = O(n =t max{=1. 55 ogk/2 )
n 1~
= (1+o(1)[[(I + ?ALS) Y. g2

93)

Next we bound [|(1 4+ 25 A1.5PT ¢P1.5) " (1.5 — f11.8)||2. By Assumption 2, we have that ||pt1.5 —

p1grlle = O(Rl_zi). For any ¢ € R® and ||£||2 = 1, using the Woodbury matrix identity, with
probability of at least 1 — 26 we have

1 .
€I + ;Al:sq’lT;s‘I’l:s)_l(M:s — fu1:R)|
1 1 )
= |§T (I - ;AI:S(P{;S(I + O_Q(I)I:SAl:S(Pis)_l(I)l:S) (Nl:S’ - Ml:R)l
N 1 1 _ N
= |§T(H1:S - Hl:R) - ;gTAl:S(b{;S(I"' ﬁq)l:SAl:S(b{;S) 1(1)1:5'(/1'1:5 - NI:R>|

. 1 1 _ .
< |€ll2llpe1:s = fa:rll2 + ;lgTAle(I){;S(I + ;‘PLSALS‘IHT;S) '®1.5(p1.s — f1:R)]

1—2 1 1 A
<O(R™ B) + p”(l + ?‘131:51\1:3‘1’{5)_1‘1’1:51\1:55”2||‘I’1:S(M1:s — p1:r)|2
1-283 1 1 1 1-28
— — — - . (1) - 5
O(R )+ 020( (6 +1n-n )O( (6 + 1)nR )
1 1—2
=O0((5+ DR ),

where in the second to last step we used Corollary 24 to show ||®1.5(p1.5 — f1.r)|2 =
O/ (% + 1)nR#) with probability of at least 1 — §, and Lemma 16 to show that ||({ +

L P1.5A1.5PT ) T P1sA1sE]l2 = O(1/(3 + 1)n - n~t) with probability of at least 1 — 4. Since

R =n(T90-1 we have

1 _ R 1 (1-28)(a-t) | (1-28)A-t)r
€71+ ?Al:s‘bis‘bl;s) Ypis — pir)| = O((g +1)n = F 2 )-
Since ¢ is arbitrary, we have [[(/ + 5A1.sPT¢Prs) (prs — pur)lz = O((F +

(1=28)d=t) L (1=28)(A=t)r . — — — —1—
D SR S0 Ginee ( < g < [sRN0 IO gng ( < g < A1

a—1—27+(1427)t
W such that

a—1-274+(1+27)t

we can choose kK < 502 (1—1) and k is arbitrarily close to Kk <
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0<qg< w Then we have w + ¢ < 0. From (91) and (93), we have

(a-2p8)1-t) | (1-28)(1—t)
izt 1-2p)(-0)

)

1 _ max a-2p0-0)
107+ ﬁAlzs‘IHT;S‘I’l;S) sy =O(mex =070, Mog"?n) + O(( +1)n

1)
:G(nmaX{—(l—t%%} logk/2 n)+ O((n

:G(nmax{f(lft),%} logk/2 n)

q+(172ﬁ2321(1—t)+(1726)2(1—t)n

)

=1+ oI + A1)~ ol

=L+ o)1+ 5 AR) " gl
(94)
Hence  Gag(Dy) = LoD+ LHAs®TgPrs) s =
Lomt-Y max{=2,"5*}100#/2 ) Then by (88), we have

G2(Dn) — %@(nmax{—Q(l—t),%} logk/Q n) + O((; + 1);Smax{1/2—[3,1—a+27'}> )

1+g+min{2, 2871,

. max{ 1, o=y oy +1) (-0 }
Choosing S = n { N i , we get the result. O

Proof of Theorem 5, ;1o = 0. From Lemmas 15 and 17 and éf 1 > —2, we have that with probability
of at least 1 — 74,

1+ 0(1 n _ 2 n _ n _
EeG(D.) = A (1 ) A — A+ A+ I e AR) ™ )
Z%@( w) L@( max{,g(l,t))%}logk/g n)
(-e)a-n (1-20)a-)
:%@( max{ })
(95)
where k = {(1)’ ;z f gg : 1, and R = n(a 00t 1 >0,
Furthermore, we have
Te(l + %A)‘lA —Te(I + %AR)‘lAR
> Ap ad Chp™@ n -
SY e > SO o> o= Bout
o LT T S L Cop p=R+1 “
a 1 K
_ O( (I-a)(1-t)(5+ ))
_ 0(n(17a2¥(14>).
Then we have n n
Tr(I + ﬁAR)*lAR =Tr(I + EA)*lA(l +0(1)). (96)
Similarly we can prove
1/2 n
1A (T + ) E = IAY2(1 +- SN TR+ o0(1) CH)
n _ _
107+ —5AR) " alls = (107 + ;A) "ul3(1+o(1)) (98)
Letting § = 75, the proof is complete. O

In the case of 1o > 0, we have the following lemma:

Lemma 18. Let § = n~9 where 0 < q < 2= (1+27)(1 DIE5=1)  Under Assumptions 1, 2 and 3,
assume that ;LO > 0. Then with probability of at least 1 — 66 over sample inputs (x;)"_,, we have

G2(Dn) = 5,245 + o(1).
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Proof of Lemma 18. Let S = nP. Let Go s(D,) = E(airymsn) (T2,5(Dny1) — T2,5(Dy)). By
Lemma 9, when S > n™{1: @=1-27) } with probability of at least 1 — 30 we have that

|G2(Dy) — G2,5(Dn)| = |E(z,, 11y ) [12(Dns1) — T2, (Dnt1)] — [T2(Dn) — To,5(Dy)]|
= ‘E(xn+1,yn+l)0((% -+ 1)%(n -+ 1)Smax{1/275,17a+2‘r}) . O(( + 1) Smax{l/Q B,1— a+27})‘

= O((% + 1)#n5max{1/275,1,a+%}>

Let Ag = diag{\1,..., s}, Ps = (¢1(x), ¢1(x)~,. .., 0s(x)) and ps = (p1,-..,ps). Define
ns = (¢o(@nt1), 1(Tns1), - .-, ds(xni1))T and g = (®L,ns)T. By the same technique as in
the proof of Lemma 10, we replace Ar by ]\@R = diag{e, \1,...,Ar}, let € — 0 and show the
counterpart of the result (90) in the proof of Lemma 17:

G27S(DTL) = E(1n+1,yn+1) (T2 S(DTL+1) -1 S(D ))

—F 1 [,LS(I—F @Tq)sAs) 1175775([4— UIQAS(I)%:‘I)S)flus
(:r:n+17yn+1) 20.2 1_|_ % 775 (I _|_ AS(I)T(I)S) 1AS7]S

1 + 0(1) 1 1 B
= E(I'rLJrlvynJrl)( Mg (I + ¢T(I)SAS) 17’]5’[’)5([4— ;AS(DE‘I’S) 1“5)

22
_1+01) o
=3

1—|—0 _
= 00y LasaTes) sl

1
(I—i— ‘I)Tq)SAS) I+ ;AS‘PE‘PS)_INS

99)
where in the fourth to last equality we used the Sherman—Morrison formula, in the third inequality
we used (73) , and in the last equality we used the fact that B, ., . ym:sni.g = 1.

Let fir = (fo, ft1s- - -, 4R, 0, ...,0) € RY. Then we have
1 _ 1 . 1 _ .
(I + pl\s@g%) "pslla < 17+ ;As@g%) Ygll + 11+ gAS‘I’:sF‘I’S) s — ier)ll2:

17+ 5 As®EDs) sl > (7 + 5 As®ERs) s — (T + 5 As@EP) ™ (pus — fun) o

(100)
Choose R = n(&+%)1=1) where 0 < k < %ﬂgw In Lemma 33, (136), we showed that
with probability of at least 1 — 4,

(I + S A1R®T R ®1R)  prpll = O (7D maxt=1, 22 logh/2 )

B (101)
=1+ o()|(I+ ﬁAlzR) UI:RH27
0, 2a#25—
1, 2a=28-— 1
Aq.s, and pq.g with fi1.z. We have

where k = { . The same proof holds if we replace 1. with ®1.g, A1.p with

(T + 22 A1:5@] 5 Pres) " fra:rlla = O(n ") max{—1, 1525} gk /2 )
no (102)
= (1+o(L)[[(I+ ﬁAl:S) Yiuiga-
So we have

1
||([+ #As(pgq)s) RH2—M0+@( (1—t) max{—1, }1ng/2 )

(103)
= po +o(1).

Next we bound [(I+ 2 As®L®s)~ (s — fur)||2. By Assumption 2, we have that || s — fug||2 =
O(R el ) For any ¢ € R® and ||¢]|2 = 1, using the Woodbury matrix identity, with probability of
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at least 1 — 20 we have
€71 + iAs‘bg‘l’s)*l(lh’s — i)
=|¢" (I - fAs<I>T(I + - L oshs0l)” <1>s) (ks — frr)|
=" (us — fr) — *fTAS‘I’T(I + i‘11'31\3‘1’:971‘1’3(;U»s — [R)|

1 .
< [€ll2llpes — MR||2 + *|§TAS‘1>T(I +- —PsAsPE) T Po(ps — fur)l

<ORZ") + ||( ‘PSAS‘PT) 1‘1>SAS§||2||‘1>S(MS — [R)||2

—O(R=") + %O(\/(g +1)n- n_(l_t))()(\/(% +1)nR="

1-28
)

1
where in the second to last step we used Corollary 24 to show |Ps(ms — fgr)lle =
O(/ (3 + 1)nR%) with probability of at least 1 — 4, and Lemma 16 to show that |[(I +
LogAs®L)10sAsE|2 = O(y/(% + )n - n~(17Y)) with probability of at least 1 — &. Since

R =n(atR0-1 e have

)

1 _ . 1 (1-28)(1-1)  (1-28)(A-t)r
l€(I + ;ASQ’ZSF‘I’S) "(ms — )| = O((5+1n = ),

Since ¢ is arbitrary, we have [|(I 4+ HAgPLPs)N(us — pr)lz: = O3 +

1)n(17222v(17t)+“725)2(170&). Since 0 < ¢ < [a7(1+27)4(01£t)](2571) and 0 < K < —Qflgj;;{(_lz)r%)t,

a—1—27+(1427)¢
2a2(1-1)

0<qg< w Then we have w 4 ¢ < 0. From (100) and (103), we have

a—1-274+(1+27)t

we can choose K < B T T (I R and & is arbitrarily close to k < such that

(1=28)d=t) L (1=28)A=t)r
2c + 2

1-28 1
17+ EAs@ERS) ™ sl =po + O(n )™ 10gh 2 n) 1+ O((5 + D )

1.1=28

_MO"’_@( (1—t) max{—1,-%53 }logk/Qn)

=po + o(1).
(104)
Hence Gas(D,) = 1+%ﬁ”ll(l + As®L®s) 'psl3 = gmpg + o(1).  Then by
99), G2(D,) = quo + o(1) + O((3 + 1)ngmax{l/2=F1=a}) " Choosing S =
maxd 1, —t i 1+q+mm{2 } 1 1—¢
n { (emt=2m) <"""W 72a=1-77] )( )} we get the result. O

Proof of Theorem 5, ip > 0. According to Lemma 18, G(D,,) = 55742 + o(1). By Lemma 15,
we have G1(D,) = ©(n"="5"="). Then E.G(D,,) = G1(D,,) + Ga(Dy) = 52 + o(1). O

E Helper lemmas

Lemma 19. Assume that m — oo as n — oo. Given constants a1, as, S1,S2 > 0, if s1 > 1 and
S983 > s1 — 1, we have that

a1~ 1-s3

> o — =0(m = ). (105)
— (1 + agmi—s2)ss

If s1 > 1 and s383 = s1 — 1, we have that

o wit —O(m*1 106
2 AT agmi—)s (m~*3 logm). (106)
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If s1 > 1 and s3s3 < s1 — 1, we have that

R e
a1l - _
——— =0 83), 107
2 T agmi—ays = O07™) aon
=1
Overall, if s1 > 1 and m — oo,
1—s
ER: e TR sy s -1, (108)
T i & 1—sq
P (1 + agmi=s2)ss O(m =2 logm), S953 =51 — 1.

Proof of Lemma 19. First, when s; > 1 and s3s3 > s1 — 1, we have that

R 51 o
Z ai? < ai I / a1 da
(o ami=) = (U aym)™  Jy g (L ayma—2)e

i=1
_ a +m1:231/ al(Tsz)isl d 117
(1+ agm)= [too] (1 + a2(osy)752)%2  mit/s

—S1

a1 n l-sp / a1 x d
= - m s2 —dx
(1 + agm)SB [1/ml/%2 too] (1 + a2$732)53
1—sq

=0(m =2 ).

On the other hand, we have

R —S1 S1
UL G S
(1 Jra27m 52)%s (,r+1) (1+agma=s2)%s

i=1

—mlszsl/ il 1/52)_91 x
[1,R+1] (14 ag(—5=)—52)%s ml/sz

ml/
1-s ajx” 5t
=m =2 —dx
[1/m/52 (R4+1)/ml/2) (1 + a2$—sz)ss
=0(m )
Second, when s; > 1 and s9s3 = s; — 1, we have that
R P .
a1 1=sy arxr °t
< +m =2 —dx
; L4 agmi=s2)s = (1 + agm)® /[1/m1/sz,+oo] (1 + agz=s2)ss

1—s
Sﬁﬁ%ﬁ+wfmmwmm
2

=0(m =2 log n).

On the other hand, we have

ZR: a1 %t S / ajx~ " d
— 0 = —dx
(1+ agmz—sz)ss [1,R+1] (1 + agmx—sz)sa

i=1
7/ )
= m s2
[1,R+1] (1+a2( 1/92)_52)53 ml/s2

ajx~ 5

/[1/m1/52,(R+1)/m1/52] (14 aga—s2)%s

= @(m% logn).

1-sy

=m 32 dl‘
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Third, when s; > 1 and sos3 < s1 — 1, we have that

dx

R 51 51
api ay 1-sy a

Z ) —52)8: <— 83 mee / —82)83

— (14 agmi=2)%3 — (14 agm)*3 [1/m/o2 too] (14 azw=s2)%s

aq 1-sy _ _
< 2 Q(m(—1/s2)(1=s1+s2s3)
S ey T O )
=0O(m™%).
On the other hand, we have
a1 1—sq alesl
< +m =2 / —d=x
; 1+ ayma™ 52) s 7 (L4 agm)*s [2/m1/52 (R41) /mi/s2] (1 4 agw=22)%s
aq il —1/s2)(1—s1+5283)
- @ 2 1 253
(1 + an)SS 52 ( )
=0(m %)
Overall, if 51 > 1,
1—s
Z _owmitt @(mmax{—savﬁl})’ 5983 7& s — 1’ (109)
= (1 + agmi 32) O(m~* logn), S983 = 51 — L.
L]

Lemma 20. Assume that R = mT12+"f0r Kk > 0. Given constants a1, a2, 81,52 > 0, ifs1 <1, we
have that

—S

R 1
— =0 —s3 RI=s11), 110
; 14 agmi—s2)ss (mex{m 2 (o
Proof of Lemma 20. First, when s; < 1 and s383 > s1 — 1, we have that

R s

ST < — +/ i A
(14 agmi—s2)%8 = (1 + agm)*s k) (1+ agma—s2)ss

=1
. +m1:1/ ( lf) 7 a—2
(1,R]

(14 agm)®s L+ az( 7)) mb/s
al 1-s53 / alesl
— - +m 59 —d.f
(1 + agm)s?’ [1/ml/*2 R/ml/*2] (1 + agm_52)53
_ a1 3 5ok (LR \1-
= oy 0 B () )
= O(max{m ™% R!=*1}).
Second, when s; < 1 and sps3 < s1 — 1, we have that
1—s —Ss1
D | T
= 1+a2m2 2) s = (14 agm)® [1/m1/s2, Rjmt/=2] (1 + agz=s2)%
a

m%O(m(—l/SQ)(l—sl-l-ste,)+( R_ji-si)

<
= U+ agm)s +
= O(max{m~% R'=*1}).
Overall, if 51 < 1,

S

all ~
2 m = O(max{m™*, R""*}). (a11)

i=1



Lemma 21. Assume that f € L*(Q, p). Consider the random vector f(x) = (f(x1),..., f(zn))T,
Where x1, ...,y are drawn i.i.d from p. Then with probability of at least 1 — §1, we have

£ x |\2—Zf2 (2) = O( (& + Dl f1).
where | 1B = [,cq /> (@)dp().

Proof of Lemma 21. Given a positive number C' > || f||3, applying Markov’s inequality we have

P(F(X) > 0) < SIfIR.

Let A be the event that for all sample inputs (z;)™_;, f?(x;) < C. Then

B(A4) 2 1 - nB(f(X) > C) 2 1 - gl /I (112)
Define f*(z ) = min{ f*(z), C} Then Ef?(X) < Ef*(X) = [|f[3. So [f*(X) — Ef*(X)| <
max{C, || f|[3} = C Since 0 < f?(z) < C, we have
E(f*(X)) < CE(f*(X)) < C|fII5- (113)
So we have B ~ ~
E[f*(X) - Ef*(X)P* <E(f(X)) < Clf]5. (114)

Applying Bernstein’s inequality, we have

n _21,- n = ox B t2
P(;f ( z)>t+ Ef (X))S p( 2(’[’LE|f2(X)—Ef2(X)|2)+CS't)>

tQ
Sexp e ——
( 2<n0|f||%+%f>>

t2
<ex
= p( 4max{nc|f||%,0f>

Hence, with probability of at least 1 — §; /2 we have

Zf () < max{ \[4C10g Zall I8, 5 log = |+ ()
01 3 01
2 4C 2
<max{yf1C1og 218 5 10w 2+l
P
)

(115)

When event A happens, f ;) = f?

probability at least 1 — 5/ f[|3 —

(x;) for all sample inputs. According to (112) and (115), with
1/2, we have

> () = 3 o) < ma{y [C1ow Sl 18 5 o 7 b+l
1=1 =1

Choosing C' = %n” f|I3, with probability of at least 1 — &; we have

> ) = 3 o) < max{ [ og 2ol ol B1og 2+ nll 13 = O(( + Dl 1B).
i=1 i=1

O

Lemma 22. Assume that f € L*(Q, p). Consider the random vector f(x) = (f(x1),..., f(zn))7T,
where x1, ..., 2, are drawn i.i.d from p. Assume that || f||cc = sup,cq f(x) < C. With probability

of at least 1 — &1, we have
1f(x)l3 = (\/02n||f2 +02) +n£3,
where | fI = J.oo /2(@)dp().
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Proof of Lemma 22. We have |f?(X) — Ef?(X)| < max{C?, || f||3} = C? Since 0 < f%(z) < C,

we have
E(f4(X)) < C’E(f*(X)) < C?|IfI3. (116)
So we have
E|f*(X) - Ef*(X)]* <E(f1(X)) < C?||f]3. (117)
Applying Bernstein’s inequality, we have

n

2 2 £
P(Zf (zi) > t+nEf7(X)) SeXp<_2(nE|f2(X) —Ef2(X)2) + C2t)>

i=1
t2
<exp 3
2(nC?|fIR + & Y

t2
<exp| — '
: P( 4max{n02||f57%”}>

Hence, with probability of at least 1 — §; we have

;ﬂ(zi)gmax{,/ 402 log —n\|f||2, 407 1og61 }+n]Ef2(X)
O(maX{\/CinlfliC?}) Tl fI (118)
SO(\/CanII% i 02> T nllfIE

IN

O

For the proofs in the reminder of this section, the definitions of the relevant quantities are given in
Section 2 and the beginning of the Appendix D and D.1.

Corollary 23. With probability of at least 1 — 61, we have
1f>r)3 = O(( + R =2).

Proof of Corollary 23. The Ly norm of f r(7) is given by || f>r|]3 = Z;O:R_H ”120 25“1R1 26,

Applying Lemma 21 we get the result. O
Corollary 24. For any v € RE, with probability of at least 1 — 0, we have

|@ vl = O((& + Dynllvl3)-

Proof of Corollary 24. Let glx) = Zf 1 Vp®p(x). Then ®rr = g(x). The Ly norm of g(z) is

given by |g||3 = Zf V2 = ||v||3. Applying Lemma 21 we get the result. O

Next we consider the quantity, <I>£(I> r — nl. The key tool that we use is the matrix Bernstein
inequality that describes the upper tail of a sum of independent zero-mean random matrices.

Lemma 25. Let D = diag{ds,...,dr}, di,...,dr > 0 and dyax = max{di,...,dr}. Let
M = max{zp 0 Gl dpllZ, A2y} Then wzthprobablllty of at least 1 — 9, we have

|D(®E® R — nI)D|2 < max{,/ndgmelog & Mlog ?)}. (119)

Proof of Lemma 25. Let Y; = (¢1(xj),...,¢r(z;))T and Z; = DY;. It is easy to verify that
E(Z;Z]') = D?. Then the left hand side of (119) is >_7_,[Z; Z] — E(Z;Z]")]. We note that

1Z;2] —B(Z; Z]) |2 < max{[|Z; Z] ||2, |E(Z; Z] )|z} < max{[|Z;]]3, diuax}-
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For || Z;|3, we have

R R
12515 = > dpdp(s) < > dalldplle, (120)
p=0 p=0
we have
12;2] —B(Z;Z]) ]2 < max{ 3,00 a2 6y 1%, dinasc}-
On the other hand,
E(Z;2] —E(Z;2]))] =ElZ;|32,;2]] — (E(Z;Z]))*.
Since
R
E[|Z,1152;2]) < E[Y_ dylléplZ5 2], (by (120)
Rp i
= dillopl%EIZ;Z]),
p=0
we have

IE((Z; 2] —E(Z;2])*)ll2 < max{3,_ d2ll6p |12 | EIZ; 2] 12, diax}

p=0""p

< max{3; &2l dp |27

p=0 ""p o0 max? dfnax}
R
< A max {3 di|6p 1%, dinac }-

Using the matrix Bernstein inequality [40, Theorem 6.1], we have

P(1 Y 1Z,Z2] —B(Z,Z])]]l2 > 1)
j=1

<Rexp

—t2
t max; HZJ'ZT7]E(Z]'ZT)H
2(n||E[(Z; 2T —E(Z;Z7))3)|2 + E =)

<Rexp

—t2
R tmax{3 % d2||¢p 1% dZiax}
2(nd1gnax maX{ZPZO d127||¢p|‘c2>o’dr2nax}+ p=0 § - )

—¢2
=Rexp .
<o<max{nd?m max{ 1 d2[[6y]12%, a2}, tmax {35 d§||¢p||go,daax}}>>

Then with probability of at least 1 — §, we have

[M]=

1> [2;2] —B(Z; Z])]|l2

J
< oo 02X{ 30 A0y l1%, dhraxtlog §max { 35,00 dGlép 1%, v} l0g
= max N0 max Max p=0""p (bp 001 Omax s 108 5 ) 1ax p=0 "plI¥Pllocoy “max 0g 5 (

O

I
-

Corollary 26. Suppose that the eigenvalues (\)p>1 satisfy Assumption 1, and the eigenfunctions

satisfy Assumption 3. Assume 0> = ©(n') where 1 — —%— < t < 1 Let v be a positive number such

1427
that 1+a+2;;((11_+t2)7+20‘)t < v < 1. Then with probability of at least 1 — §, we have

|22+ 2 AR) MY (@F@r —nDAY (I + ZAR) T
1+a+27—(142742a)t 121
< O(n 2(a _V(I_t)\/log ?). (120
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Proof of Corollary 26. Use the same notation as in Lemma 25. Let D = (I + ZAg)™/ QAY%/ 2,
> R Al n y lovader

Then d,,, < %= and 3" (d2[¢p35 < Zp OCQW = O((&) &), where the

first 1nequa11ty follows from Assumptions 1 and 3 and the last equality from Lemma 19. Then

M= max{zp 0 Cllopll2, diat = O((Z% )1 e “). Applying Lemma 25, we have

o2

15 (I + 2 AR) 20 (@50 R — nD)AY (I + ZAR) s
< alzmax{\/nfj:O((;é)l "7 ) log £ £ ,O((%)lﬂ?w)log 1}}

—2ya+2r 1-2yat2r)(1- (122)
(%(%)%n%) _ O(\/@n%%,t)

/ ita+t2r _ (I42742a)t o1
log %n Sa Sa (1 t)>

O

Corollary 27. Suppose that the eigenvalues (\p)p>1 satisfy Assumption 1, and the eigenfunctions
satisfy Assumption 3. Let Ay p = diag{1, \1,..., Ar}. Assume 02 = O(n') wheret < 1 Let y be a
positive number such that % < 7y < 1. Then with probability of at least 1 — §, we have

- ~ n 1
(I + 2 AR) 2R G (@F@R — nD)AYF( + EAR)*WHQ < O(,/log fgnz). (123)

Proof of Corollary 27. Use the same notation as in Lemma 25. Let D = (I+ 2 Ag) _7/2]\?7/;. Then

(—yat2r)(1-1)

d30x < 1and Ep o dalldpll3, < CF + Zp 1%%% C3+0(n g ) =0(1)
where the first mequahty follows from Assumptions 1 and 3 and the second equality from Lemma 19.
Then M = max{zp 0 Gl opll2, d20 } = O(1). Applying Lemma 25, we have

(T + 2 AR) A (@5 R — nD)AY (I + 2 AR) 2|2

< max{ log %TLO(U, log ?0(1)} (124)

1
= O(\/log ?n2>.
O

Corollary 28. Suppose that the eigenvalues (\p)p>1 satisfy Assumption 1, and the eigenfunctions
satisfy Assumption 3. Let ®gy1.6 = (pr11(X), ..., ds(x)), and Ary1.s = (AR+1,--.,As). Then
with probability of at least 1 — §, we have

1—2a42T1
2

A s(@h 1s@rins — nD)AYT gll2 < O(log 858 max{n®R ,RITOH2TY). (125)

Proof of Corollary 28. Use the same notation as in Lemma 25. Let D = A}%/_El: g- Then d?,, <
C\R™® = O(R™®) and Zi re1 Codop®™ < Zj re1 C3CAp~*p°™ = O(R'~*2T), where the
first inequality follows from Assumptions 1 and 3. Then M = max{>.> Codep®™, d2 o} =
O(R'~+27). Applying Lemma 25, we have

p=R+1

n n
17+ 5 AR) A2 (@F% R — DAY (T + S AR) 2

< max{\/log EpO(R=*)O(R'~2+27) log S'_(;RO(Rl_a"'ZT))} (126)

1— 2a+2r

= O(log 55& max{nzR 3 ,RITOTRTY).
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Lemma 29. Under the assumptions of Corollary 28, with probability of at least 1 — 6, we have

|5 rAs g DL pll2 = O(max{nR * n*R 3 Rt}
Proof of Lemma 29. For S € N, we have
o0
1558550 gll2 < D A0 (x)6p (%) 2

p=S+1
Z Mollp ()13
p=S+1

< Z Ap nC'2 2T
p=S—+1

:O(n517a+2'r).
Let S = Ra=1-27. Then we get |5 5A~ 5P ¢||2 = O(nR™°).
Let Pri1.5 = (Pr+1(X),...,05(X)), Ar+1:.5s = (AR+1,- .-, As). We then have

1@ rAS RPL 2 <[[P55AssPLgll2 + 1PR11:5AR11:5P R4 1.5 2

_ 1/2
<O(MR™) + A 6@ 1 sPritsAEl sl

<OmR™) +nl[Artrsllz + ||A}~2/f1:s(q’71-‘;+1:s¢’1%+1:s nI)AR-H sll2
<O(MA™) + O(nR™) + Oflog T~ max{nd R**57 pi-eor))
=O(max{nR~® nzR 2, RI-at27})

where in the fourth inequality we use Corollary 28. O

Corollary 30. Assume that 0> = O(1). If R = natr where 0 < K < 3(114:22:) then with probability
of at least 1 — §, we have

H(I+ <I>RAR<DR) 1<I>>RA>R<I’>R|| < HMH O(nf'{a) = 0(1)

Proof of Corollary 30. By Lemma 29 and the assumption R = n&T*, we have

(7 + 2e5gth) =t Bontoin ), <) Rontontin,

1— 2a+27

<O(max{nR~*,n*R > ,R'7%T27})
=0(n~"%).
O

Lemma 31. Assume that || % (I + 2 Ag) " "/2A}?(@5dp — nI)AY (I + ZAR) /2|y < 1
where % < v < 1. We then have

(I+ %AR@E%)*1

=(I+ ZAg Z + 2 AR) T AR(®E®R — nD)) (I + ZAg) "

Proof of Lemma 31. First note that
|21+ ZAR) " 2A* (@ 0R — DA (1 + Z5AR) 722
< E I+ ZAR) 7 2AY 2 (@F0r — DAY (L + ZAR) T2 < 1.
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Let /NXQR = diag{e, A\1,...,Ar}. Since Ar = diag{0, A1,..., Ar}, we have that when ¢ is suffi-
ciently small, |4 (I + %AQR)’l/z]\iﬁ(be@R - nI)]\i,/;(I + %A€7R)*1/2||2 < 1. Since all
diagonal entries of A, p are positive, we have
(I+ LA r0%La R)—l

=T+ Z AE rR+Z A6 r(®E®R —nI))!

~ ~ ~ -1
= KR+ ZAen) 2T+ B0+ BAar) AL (@F0R - nDAR( + ZAr) 77

(I+ULL2[~\6,R)_1/2[\;112/2
= (I—|— %AS,R)_l

(AR + ZRen) (S0 + Zher) PR @R0R — nDALI(T + BAn) )

Letting € — 0, we get
(I+ 5Ap®LPR)!

00 J
=(I+ Y (-1 ( (I+ ZAR)  Ar(@LOR — nI)) I+ ZAp)™"
j=1
This concludes the proof. O

T T
Lemma 32. If||(I + ¢RAR¢R)’1¢’>RA>R¢>R l2 < 1, then we have

(14 2A7)~1 - (1 4 2nbg®i)- Z (1 -+ Suahy o omsn®in ) (f | Padgth)
(127)

In particular, assume that 0> = O(1). Let R = na " where 0 < k < % Then with

probability of at least 1 — 6, for sufficiently large n, we have ||(I + (I)RAR(I)R) 1 ¢>RAU>2R(I>>R 2 <1

and (127) holds.

Proof of Lemma 32. Define ®<r = (¢pt1(X), drt2(x),...), Asgp = diag(Ar+1, Art2,.-.)-
Then we have

(IJF <I>A<21>T) (I+‘I>RAR‘I’R) 1

=(I+ ‘I>RA}22‘I>R + ‘1’>RA>2R‘I’>R) —(I+ ‘I’RAR‘I’R) 1
g ag
(([Jr(]+ @RA§®£)71@>RA>2R‘I’>R>_1 I)(I+ %) 1

PrARPE ) 1 @5 rASRPT
o2 o2

By Corollary 30, for sufficiently large n, ||(1 +
at least 1 — 4. Hence

T
(I—l— <I>A<21>T)—1 o (I+ ':DRI;I;CI)R)—l

>R ||, < 1 with probability of

-1
<1>RAR® 1 P> rASRPT PrARDPE \—1
(( R) = >R . (I-l— 3 R)
> 4 PrAR®E )1 @onA T \7 BpARdT | _
3 YR >RIASRYS R I+ RAR R) 1
o2 ) o2 ( o2

jzl
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Lemma 33. Assume that 10 = 0 and 0* = ©(n') where 1 — <t <1 Let R=nlatm0-1)

o7
where 0 < Kk < %ﬂ;ﬂﬂt Then when n is sufficiently large, with probability of at least 1 — 2§
we have
I+ H0rAR®H) ™ fr(x)]2 = O( (L+1)n- nm“{‘“‘“’“2‘535”’}). (128)

Proof of Lemma 33. Let A1.g = diag{\1,...,Ar}, P1.r = (¢1(x), ¢1( )y ..., ¢r(x)) and
prr = (p1,...,pr). Since po = 0, we have (I + LPrAr®PE) 1 fr(x) = (I +
@1 g A 1. g ®]. ) T P1.rp1: k. Using the Woodbury matrix identity, we have that

(I+ 5®1rALRPTR) ' Prrprr =[] — Prr(0?] + ALr®] R P1.r) ' ALr®T 5| PrRELR
=01 pp1.r — Pr.r(0%T + A pPT R ®1.R) ' ALRDT R P RuILR

=®1.r(I + 5 A1.R®T .z P1:R) 1R
(129)
Let A = (I + % A1g) 2N B (®T z®1.r — n)AY A (I + 25 Ay.z)~/2By Corollary 26, with

probability of at least 1 — &, we have || 5 Al|; = «/log fn173<x+2T ~Y27 When n is sufficiently
large, || 25 Al|l2 = o(1) is less than 1 because 1 — 1%~ < ¢ < 1. By Lemma 31, we have

(I + 5 A pD R@m)—l
=(I+ ZAp) '+ Z N5+ ZAng) Aur(®Lg@1r — nl)) (I + ZALr) .
We then have

II( I+ Al rPT R ®1.R) 1R

j=1

H ZALR) T Y (-1 (E(U + ZAR) T ALr(®T R ®rg — nD)) (I + ZA1r) T | g

2

IN

I+ ZAvr) ™

12 I+ %AlzR)ilAl:R(‘I),{;Rq)lzR - nI))J(I + %Al:R)ilﬂlzRHQ

(130)
By Lemma 19 and Assumption 2, assuming that sup;~, pi+1 — p; = h, we have

R
_ C2p=28 e (1) (12811
e zten) 1“1:R”2 : \ Z (1+ nCl'L,\p*a/GQ)z = @(nde{ (=0, Ingﬂ n),
p=1 —
[£] 022-—2/3

V

- max{—(1—¢t), E=280-1)
11 + ZAir)  prle > = @(nme{-(1-0. "= ogF/2 )

1+ % C,\(hz) )2

i=1

{0, 20#28-1,
where k = { 1 20=23—1. . Overall we have
||(I+ A R) 1N1:R”2 29( (1—t) max{— 17 2a }logk/zn). (131)

Using the fact that || 5 Alj; = /log %nl_gi%_(liﬂt and [|(I + ZA1.r) 'Avgllz < n7t, we
have

(H(+ ZALR) ' ALp(®] z @1 — nl)) (I + %Al:R)_llil:RHQ

1 1

1 . 1
= ‘(IJF S AR) 2L R (G AY (T + 5 AvR) 2Af ppar (132)

2

1 _1
O(n™7) | ZAII + ZArr) 2 AL Rprll2
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By Lemma 20 and the assumption R = n(&T#)(1—%)

7 _
o C>\p 102 2
2ALR)TZAL 2. <
I+ J5A1r) 2 Ay ppirll2 < Z_:l —&-nG\p a/02>
= (133)
O(max{n_(l H/2 pl/2- ﬁ+a/2})

=O(max{n~(1=8/2 p(a+52 +r(1/2-B+a/2)(1-t)1)

We then have
‘ (& + %Al:R)_lAl:R((I’{-R(I)l:R - nI))j(I + %/\1:1?,)_1#&1:1%)’2
=% L A|20(max{n~ n<1 28 4 1(1/2—B+a/2))(1— 228!
By (130), (131) and (134), we have
(I + AR RP1R) " Bkl

:G)(n(l—t) max{—1,1528} 1ng/2 n) + Z H%AH%O(maX{n—(l—t)’n(l—t) 1528 +fc(1—t)(1/2—ﬁ+a/2)})
g
j=1

(134)

_ (1—t) k/2 A, izad2r (420, o —(1—t) ,,(1—t) 522 4 k(1—t)(1/2—B+/2)
O(n n)+ O(n )O(max{n M b
(135)
By assumption k < %‘W, we have that
l—a+2r (1427)t l—a+27r (1427t
K(1=8)(1/2—-B+a/2)+ 90 B <ka(l—1)/2+ %0 -~ < 0.

Using (135), we then get

(I + & A1R®T R ®1r) " pa:rll2 = ORI max{~1, 5337} ogh/2 p)

1 (136)
A+ A sl

By Corollary 24, with probability of at least 1 — §, we have

[@1.8(I + ZALRPT. R P1R) " prrll2 =O(\/ (% + Dnl|(I + HALrPT P1r) ' pirl2)

:O( ( _|_1)n Tl(l t) max{—1,2528 2 })

137)
From (129), we get || (I+ 25 ®1.zA1.rPT. 5) ' P1.rp1R]l2 = O( (3 + Dn-nt=t max{_l’%}).
This concludes the proof. O

1,
Lemma 34. Assume that i > 0 and 0? = ©(n') where 1 — <t <1 Let R=na"" where

0< k< a—1-27+(1427)t
(12
have

a7
. Then when n is sufficiently large, with probability of at least 1 — 26, we

I+ k) a0 /5 + ) (138)

Proof of Lemma 34. Using the Woodbury matrix identity, we have that
(I + (DRAR(I)T) 1fR(X) Z[I — ‘I)R(UQI+ AR¢£¢)R)_1AR¢)£]¢’R[JR
=®ppr — Pr(0°] + ArPRPR) ' ARPRPruR (139)
:(I)R(I + %AR(I)Q(PR)_IHR.
Let prp1 = (po,0,...,0) and o = (0, pt1,- .., r). Then pp = pr 1 + pr,2. Then we have

I(I + 5 ARPRPR) ' prlla = (I + 5 ArPEPR) ' pralls + |1 + 5 APEPR) KR |2
(140)
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According to (136) in the proof of Lemma 33, we have ||(I + LAr®LEPR) Tupal. =
O(nmax{=(1=0), “=5=22 1) Next we estimate (I + 5ARPEPR) ™ HR,1||2-
Let n

A= (4 —5Mr) AR (@] p®1r —nDATR(T + 2 Avg)

1 2 14+274+2a)t 1 2 14+274+2a)t
L (Lat2r  (R27420)0) o 1. Since 1— =5 <t<1,1t(+‘2"$7 (+2rt2a)ty o

1so the range for v is well-defined.By Corollary 26, Wlth probability of at least 1 — §, we have

Al = O(4/log & sn % (gt (- )) = o(1). When 7 is sufficiently large, 122 All2
is less than 1 because 1 — =5~ <t < 1. By Lemma 31, we have

where

(I + HAR®LP )—1

=+ ZAr) "+ Y (1) (A + ZAR) T AR(®RER — nD)) (I + L AR)

j=1
‘We then have
(I + 2 ArPLPR)  prll2

:H I+ % Z 5T+ ZAr) "Ap(®LPR — nf))j(f-i- ZAR)"! | R
2
< 1T+ ZARr) ' prall (H(+ ZAR)"Ar(®FPR — D))’ (I + %AR)_1MR,1H2

Jj=1
(141)
By Lemma 19,
n L - —28

I+ —ARp)” < =0(1). 142
||( + o2 R) I‘LRJHQ = Z l—l—nC)\p O‘/O'Q) ( ) ( )

Let A, R diag{1,A1,...,Ag} and Iy p = (0,1,...,1). Then Ap = 1~X17RIO7R. Let B =
I+ %A /2A¥{;(¢T<I>R - nI)/NX'Y/Q(I + 2 Ag)~7/2. According to Corollary 27, we have

R)”
|Bll2 = O(y/log £nz). Using the fact that || % Alls = O(,/log &n %—w—%l—t)),

we have

H ]+ n AR) 1AR((I)£(I)R —n[))J(I+ %AR)_llJ'R,lH2

142,12 _A\d1 _142
(I+ ZAr) " T2A, Q(A(I—s—%AR)‘H”A}% 7) B(I+ %Ar) " 2pp,

2
1 1 Xa(—1 I (1—t) A 1 1+(v+27' (2r420)t g 1
< ﬁ(n( +3H(=1+)G-D))( t)o( /1ogR (G—=1)( - t))) /1og%n2|mR,1H2
V(1 p)al g A, [L—at2r—(+420)G-1)
Sn( 1+3)(1-t)+3 tO(n o ) 10g?”ﬂR,1”2
_ O(n_%_,’_%(l_t)_"_[17a+277(21;2-r)t](j71)).
(143)
: 1 1 2 1+2742a)t 1 1 1 2 14274+2a)t\ 1—¢
Since 1 (H5+ r_( S ))<7<1and—§+m( ot r_{ o ))T<0,Wecan

let 7y be a little bit larger than 1 (15127 — (1+2gi2a)t) and make —% + (1 — ¢) < 0 holds. By
(141), (142), (143), we have

17 + AR<I>T<I>R) !

~ 143( [1—af2r—(1427)t](j—1)
ZO B I = ) (144)

o)+ () o).
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According to (140), we have ||(I+ 5 Ar®EDR) L ppll = O(nmax{=1-0: S 1 00) =
O(1). By Corollary 24, with probability of at least 1 — 4, we have

1R(I + ZARDPEPR) ™ url =0/ (5 + nll(I + Ar®EPR) ™ prll2)

From (139), we get [|(I + 5@ rArPR) " fr(x)]2 = O( (3 + l)n) This concludes the proof.
O

—~

4 1n .

Lemma 35. Assume that 0> = O(1). Let R = nat% where 0 < r < =127 Assume that po = 0.
Then when n is sufficiently large, with probability of at least 1 — 36 we have

1-28

(I + 2225 fp(x) |2 = O/ (% + D - =L 5530, (145)

Assume that j1g > 0. Then when n is sufficiently large, with probability of at least 1 — 30 we have
I+ B535) 7 fr(x)ll2 = O/ (§ + 1n). (146)

Proof of Lemma 35. We have
([—i— <I>A<I> ) 1fR(X)
T T T
(4 et (7 + 2A85) 71— (1 + 22e%h) 1) £ ).

[ea

(147)

When pg = 0, by Lemma 33, with probability of at least 1 — 24, we have

(I + H®rARDE) " fr(x)]l2 = O(/(: + 1)n - nmax{-155250),

Since a*éf;% < ‘;(711_[22;) , we apply Lemma 32 and Corollary 30 and get that with probability of at

least 1 — 4, the second term in the right hand side of (147) is estimated as follows:

((+ 2287)70 — (1 + 25852 ) 1) f(x)]l

i . T T \J
= 1217 (1 + ey 2ot ) 4 2020007 £ )

=3 (1 Ry ey |y ey
j=1

=S OO (5 + D -2
j=1

B }).
Overall, from (147), we have that with probability 1 — 39,

1 max{—1 1-2
=o(y/(5+1)n-n " 2a

T ~ ax{— 1-25
I+ 2525) 7 fr(0) ]2 = O/ (§ + D - ™ Th T2,

When g9 > 0, using the same approach and Lemma 34, we can prove that || (I + %*?T)*lfy, x)||2 =
O( (1 + 1)n). This concludes the proof. O

F Details on the experiments

In our experiment, the input space and input distribution are 2 = S* and p = U(S?), and we use
the first order arc-cosine kernel function. [11] showed that this kernel is the conjugate kernel of an
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infinitely wide shallow ReL.U network with two inputs and no biases in the hidden layer. GP regression
with prior GP(0, k) corresponds to Bayesmn training of thls network [22]. Under thlS setting, the
eigenvalues and eigenfunctions are \; = ﬂ'2’ A2 = A3 = 7, A2p = Agpp1 = W’ p>2

and §1(0) = 1, ¢2(0) = 4 cosb. 65(0) = 7 sinf, bunl0) = 4 cos(2p — 2)0.b2p11(6) =
‘/5 sin(2p — 2)6, p > 2. Hence Assumption 1 is satisfied with @ = 4, and the second part of
Assumptlon 3 is satisfied with ||¢, || <2 p>1.

The training and test data are generated as follows: We independently sample training inputs
T1,...,T, and test input z,, 1 from U (S*) and training outputs y;,i = 1,. .., n from N'(f(z;), o?),
where we choose o = 0.1. The Bayesian predictive distribution conditioned on the test point x,, 11
N(m(zpi1), k(Tnt1, Tne1)) is obtained by (10) and (11). We compute the normalized SC by (12)
and the Bayesian generalization error by the Kullback-Leibler divergence between N'( f(z,,41),0%)
and N (m(@p11), k(Tns1, Tnt1))-

Consider the first order arc-cosine kernel function with biases,

kévl/) bins (1, T2) = (sine) + (7 — 1) cosp), where ¢ = arccos(3((z1,z2) +1)).  (148)

[33] showed that this kernel is the conjugate kernel of an infinitely wide shallow ReLU network with
two inputs and one hidden layer with biases, whose eigenvalues satisfy Assumption 1 with o = 4.
The eigenfunctions of this kernel are the same as that of the first-order arc-cosine kernel without

biases, kév/)o bias 11 Section 3. We consider the target functions in Table 3, which satisfy Assumption

5 with the indicated 3, and p¢ indicates whether the function lies in the span of eigenfunctions of the
kernel. For each target we conduct GPR 20 times and report the mean and standard deviation of the
normalized SC and the Bayesian generalization error in Figure 3, which agree with the asymptotics
predicted in Theorems 4 and 5.

Table 2 summarizes all the different kernel functions that we consider in our experiments with pointers
to the corresponding tables and figures.

kernel function « | activation function | bias pointer
KL e L(sin ¢+ (7 — ) cos ) 4 max{0, z} no | Table 1/Figure 1
k‘ivl) bias L(siney + (7 — ) cos ) 4 max{0, x} yes | Table 3/Figure 3
k:if)o bias %(3 sintp cos ) + (1 — ) (1 4+ 2cos ) | 6 (max{0, z})? no | Table 4/Figure 4
k5v2> bins | =(3singpcostp + (m —P)(1+2cos’ ) | 6 (max{0, z})? yes | Table 5/Figure 5
k\(NO)o bias %(sin Y+ (7 — 1) cosp) 2 %(1 + sign(z)) no | Table 6/Figure 6
k‘(f; bias L(sing) + (7 — ) cos 1)) 2 (1 + sign(z)) yes | Table 7/Figure 7

Table 2: The different kernel functions used in our experiments, their values of «, the corresponding
neural network activation function along with a pointer to the tables showing the target functions
used for the kernels and the corresponding figures.

Summarizing the observations from these experiments, we see that the smoothness of the activation
function (which is controlled by the order of the arc-cosine kernel) influences the decay rate o of
the eigenvalues. In general, when the activation function is smoother, the decay rate « is larger.
Theorem 5 then implies that smooth activation functions are more capable in suppressing noise but
slower in learning the target. We also observe that networks with biases are more capable at learning
functions compared to networks without bias. For example, the function cos(26) cannot be learned
by the zero order arc-cosine kernel without biases (see Table 6 and Figure 6), but it can be learned by
the zero order arc-cosine kernel with biases (see Table 7 and Figure 7).
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: 0
function value B | o | EF?(Dy) | E<G(D,)
f1 cos 26 +oo | 0 O(nt/*) | O(n=3/%)
f2 62 2 0 o(nt/*) | O(n=3/%)
2 1/4 —3/4
f3 (16] — m/2) 2 10| 6@/ | 0m)
7'('/2—9, 06[0,’”) 1 0 o 3/4 o —1/4
fa (n?%) (n=/%)
—n/2—-6, 0¢€[-m0)
Table 3: Target functions used in the experiments for the first order arc-cosine kernel with bias,
1 . . . .
ksv/) biage their values of B and g, and theoretical rates for the normalized SC and the Bayesian
generalization error from our theorems.
f f f3 fa
32 12.5464n0200 Q e Q 15.6332003198 7 Q
T —+— Experiment values B o —— Experiment values ]
N N X 103
© © 50 © ©
S £ 32.8235n03020 £ 10° 13 5.820070.7717
2 S +/+ Experiment values | 2 S ¥~ —+ Experiment values
102 103 10? 103 10? 10° 102 10°
Number of Samples Number of Samples Number of Samples Number of Samples
5 f 5 b 5 i g fo
E 100 17.9018n-0.6993 E 10-1 E 107! ;muﬂ 0.7374n-0-1901
2 —+— Experiment values 2 2 %mw —4— Experiment values
£1071 2 3.3806n-0.7149 2 3.0623n-0.7520 <
§ ,.510,3 —4— Experiment values § —— Experiment values §
8 102 103 s 102 10° s 102 10° ® 102 103
Number of Samples Number of Samples Number of Samples Number of Samples

Figure 3: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with kernel
k;w / bias and the target functions in Table 3. The orange curves show the linear regression fit for the
experimental values (in blue) of the log Bayesian generalization error as a function of log n.

function value B o | EcFO(D,) | EcG(D,,)
f1 cos 20 +oo | O O(n'/%) ( —5/6)
f sign(0) 1 [ 0 | @/ |em ')
1/2 —1/2
fs m/2 — 16| 2 | 0| em’”) |em /)
w/2—0 0|0,
£l {20 [0,7) 1 |>0] 6O o(1)
—w/2—-0, 0¢€[-m0)
Table 4: Target functions used in the experiments for the second order arc-cosine kernel without bias,
2 . . . .
kév/)o biage their values of 3 and pi, and theoretical rates for the normalized SC and the Bayesian
generalization error from our theorems.
fi f ] fs s fa
3 152503001512 7 3 10t 7.1798n°8309 < ) 9.6116n04141 - 2 10 14.2478n1 0148
° > —— Experiment values b —— Experiment values D e —+— Experiment values 2 —+— Experiment values
S o 2 2 210
E gL £ 102 £
=} [=} o o
= 3x10° =z = X107 =z
102 10° 102 103 102 103 102 103
Number of Samples Number of Samples Number of Samples Number of Samples
5 A g . 5 f B f
E N 2.9105n70-8833 gum, 2‘933_5”70 0548 E 1.7114n-04728 g 2x10
% —— Experiment values § e —+— Experiment values % —+ Experlment values §
£1072 g £1071 £
g g g 510!
: B 8 : 17.6592n-00363
H g g § .aw| —t— Experiment values
ST, 10° ¢ 102 103 2 102 10° ST 10°
Number of Samples Number of Samples Number of Samples Number of Samples

Figure 4: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with kernel

k' /)0 bias and the target functions in Table 4.
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function value B | o | E<FO(D,) | E.G(D,)
f1 cos 26 +oo | 0 O(n'/%) | ©(n=°/%)
f2 62 2 [ 0| ex’?) |[emn1?
2 (01— /27 > [0 [ 6 | 6w 7

’JT/Q—@7 66[077'() / -1/
Ja {—W/Q o velomoy | V| 0| O@Y) O

Table 5: Target functions used in the experiments for the second order arc-cosine kernel with bias,

1)

w/ bias’

generalization error from our theorems.

Normalized SC

Bayesian generalization error

their values of 8 and g, and theoretical rates for the normalized SC and the Bayesian

i fa R fs fa
. 13.5420n0162 Q 9 10 1053180058 | Y
—— Experiment values - 103 - —— Experiment values R-T
3 g g0
poees N N N
© © ©
£ 16.2430n0.5498 13 £ 18.7236n0873
e S (+ Experiment values S 5 S 103 ¢ —+— Experiment values
— . 1044, . . — .
102 10° 102 103 102 103 102 103
Number of Samples Number of Samples Number of Samples Number of Samples
fi 5 f . fs 5 fa
£ g 190 £
~ 25265008563 g 7.02800"03% § 10 5.0765n-05409 g0t
—— Experiment values § 100 —+— Experiment values 2 —4— Experiment values § ﬂ
-2 K s K
10 g s ‘ { g
3
° £ 101 ©10° 14.1048n 01061
5 5
F § 3 —+— Experiment values
g 3 3
102 103 ¢ 102 10° ¢ 107 10° ¢ 102 10°

Number of Samples

Number of Samples

Number of Samples

Number of Samples

Figure 5: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with kernel

k(2)

w/ bias

and the target functions in Table 5.
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function value g o | E<FO(D,) | E.G(D,)
f1 cos 26 +o0o [ >0 O(n o)
fa sign(6) 1 0 ent?) | o(n=1/?)
fs 72— 10 2 [0 [ 67 |6 7
w/2—0, 6€][0,m)
f4 {—71'/2 B 0, 0 [—T(’O) 1 >0 6(’11) @(1)

Table 6: Target functions used in the experiments for the zero order arc-cosine kernel without bias,

0 . . . .
ksv/)o biag: their values of B and pg, and theoretical rates for the normalized SC and the Bayesian
generalization error from our theorems.

f ) f3 fa

g 10° 7.2610n11397 é 2 5.9727n05174 ) 6.2139n°512° ? 105 12108101837 7
- —4— Experiment values kel —+— Experiment values ° —+— Experiment values kel —+— Experiment values
I 8 I 8
T 10 s T s
£ £ 02 £ o2 £ 10°
5 s 10 5 10 °
z 10° z z z

102 103 102 103 102 103 102 103

Number of Samples Number of Samples Number of Samples Number of Samples

E b . f , f
; 8 oo ~N 5.83207-0-4600 & oo ~N 5.8369n-0-4601 g
E o % 4x10 —— Experiment values % ax10 —— Experiment values Emm
ke 5 sw 3 s [
g f g g 2o
c 15.7295n0-0419 & & e ° 21.0097n0-0807
% —— Experiment values 3 g 2 —— Experiment values
g10! £107? 107! g

10? 10° < 102 10° “ 102 10° 10? 10°

Number of Samples

Number of Samples

Number of Samples

Number of Samples

Figure 6: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with kernel

5

w /o bias

and the target functions in Table 6.
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function value B | o | E<FO(D,) | E.G(Dy)

fi cos 20 +oco | 0 ont?) | e(n~?)

f2 62 2 0 e(nt/?) | O(n=1/?)

f3 (1] = 7/2)° 2 [0 @) |em?)
2—-6, 6¢€lo, _

fa {Z/Q P E %—77:,)0) 1| o] em’?) | em?

Table 7: Target functions used in the experiments for the zero order arc-cosine kernel with bias,

0 . . . .
ksv/) biage their values of B and g, and theoretical rates for the normalized SC and the Bayesian
generalization error from our theorems.

f f f3 fa

Q 8.1417n05033 R oxe 2.6158n0%9% Q o 0.5063n0485¢ Q

S —4— Experiment values © | —+ Experiment values o o —4— Experiment values ]

I [T Ko %103

= = 3ae = =

© @ @ 2.0 ©

£ g e £ £ 10.1064n05749

2 102 P-4 2 102 2 +/+ Experiment values

102 10° 102 10° 102 10° 102 10°

Number of Samples Number of Samples Number of Samples Number of Samples

5 h 5 f 5 fs g fu

5 ear| TN 5.7555n-0.4574 R EN 5.9260n-0-4611 5 paor| N 5.8773n-0-4599 e | 60.7174n-0-6314

< . c . : . 5 :

% ax10 —4— Experiment values % - —— Experiment values % ax10 —4— Experiment values § —+— Experiment values

s a0 T s T a0 £10°

2 2 2 s

& e g o - g

g107? g1071 51071 g |

“ 102 10° ® 102 10° “ 102 103 ¢ 102 103
Number of Samples Number of Samples Number of Samples Number of Samples

Figure 7: Normalized SC (top) and Bayesian generalization error (bottom) for GPR with kernel
£ and the target functions in Table 7.

w/ bias
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